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Abstract

We study the approximation gap between the dynamics of a polynomial-width neural network and
its infinite-width counterpart, both trained using projected gradient descent in the mean-field scaling
regime. We demonstrate how to tightly bound this approximation gap through a differential equation
governed by the mean-field dynamics. A key factor influencing the growth of this ODE is the local
Hessian of each particle, defined as the derivative of the particle’s velocity in the mean-field dynamics
with respect to its position. We apply our results to the canonical feature learning problem of estimating
a well-specified single-index model; we permit the information exponent to be arbitrarily large, leading
to convergence times that grow polynomially in the ambient dimension d. We show that, due to a certain
“self-concordance” property in these problems — where the local Hessian of a particle is bounded by a
constant times the particle’s velocity — polynomially many neurons are sufficient to closely approximate
the mean-field dynamics throughout training.

1 Introduction

We consider the training of the following one-hidden-layer neural network with m neurons via gradient-
based optimization:

1 m
— E o({x,w)), w1, W, ..., Wy, € s, (1.1)
T m

=1

where o : R — R is the nonlinear activation function (e.g., ReLU), and {wi};ll are trainable parameters,
constrained to the sphere. Due to the nonlinearity of the activation function, the optimization landscape is
generally non-convex. However, two recent approaches have been developed to “convexify” the problem
through overparameterization (i.e., increasing the network width m) and to establish global optimization
guarantees: the neural tangent kernel (NTK) [JGH18, DZPS19, AZLS19, ZCZG20] and the mean-field anal-
ysis [NS17, CB18, MMNI18, RVE18, SS20]. The NTK approach linearizes the training dynamics around
initialization under appropriate scalings, ensuring that the trainable parameters remain close to their random
initialization [COB19]. However, this condition prevents feature learning and often leads to suboptimal
statistical rates, as it fails to capture the adaptivity of neural networks [GMMM19, CB20, YH20, BES*22].

In contrast, the mean-field analysis lifts (1.1) into the (infinite-dimensional) space of measures by con-
sidering the empirical distribution of neurons p = m™! > i, 8w, Under certain regularity conditions,
one can establish weak convergence of the empirical distribution to the limiting mean-field measure as the
number of neurons tend to infinity: p™ mzee pME, and the trajectory of limiting parameter distribution is
characterized by a partial differential equation (PDE). This (McKean-Vlasov type) PDE description can cap-
ture the nonlinear evolution of the neural network beyond the kernel (lazy) regime, and global convergence



can be established in the mean-field limit (:m — co) by exploiting the convexity of the loss function (see the
review paper [BC21]).

The goal of this work is to relate properties of the mean-field limit to a finite-width neural network,
the learning dynamics of which can be viewed as a finite (interacting) particle discretization of the lim-
iting mean-field PDE. Therefore, one of the main challenges in transferring learning guarantees of the
infinite-width limit to the finite-width system lies in the non-asymptotic control of particle discretization
error (known as the propagation of chaos [Szn91, CD22]).

In the context of neural network theory, existing propagation of chaos results fall short of delivering
this non-asymptotic control. On the one hand, Exponential-in-time Gronwall-type estimates leverage the
regularity of the dynamics to propagate the Monte-Carlo error at initialisation (at scale O(1/m)) to obtain
an estimate of the form sup,c(o 7)(fp, () — fop (2))? < expT - (m~! An) where n > 0 is the learning
rate [MMN18, MMM19, DBDFS20]. Hence, this type of discretization error analysis is only quantitative
when the time horizon is short, such as 7' = Oy4(1) for learning staircase functions [AAM22] and T =
Og(log d) for learning certain quartic polynomials [MZD*23]. Alternatively, Uniform-in-time propagation
of chaos [HRSS19, NWS22, Chi22a] considered adding Gaussian noise to the gradient update (i.e., noisy
GD) which gives the mean-field Langevin dynamics (MFLD). The previous exponential dependency on
time can be removed under a uniform logarithmic Sobolev inequality [CRW22, SWN23, KZC*24, Nit24],
but this ultimately transfers the exponential dependency to the runtime [SWON23, WMHC24, MHWE24].
Finally, [Chi22b, CRBVE20] establish uniform-in-time results, but in the asymptotic width limit.

Consequently, despite the feature learning advantage, the function class that can be learned by neural
networks trained via gradient-descent in the mean-field regime with polynomial compute is largely unknown,
except for target functions reachable within finite (or at most log d) time horizon. It is likely that for many
interesting problems, this 7" = Og4(log d) horizon is not sufficient for the mean-field dynamics to converge
to a low-loss solution. For instance, when the target function is low-dimensional (i.e., multi-index model),
prior works have shown that gradient-based feature learning often requires 7" 2> d®®) runtime, where k is
the information/leap exponent (IE) of the link function, which may be arbitrarily large [BAGJ21, ABAM23].
We therefore ask the question

Can we identify sufficient and verifiable conditions under which the mean-field limit is well-approximated
by m = poly(d) neurons up to T = poly(d) time horizon?

Our Contributions In this work, we study a teacher-student setting where the target function is parame-
terized by finitely many “teacher” neurons. Let pMF denote the distribution at time ¢ of the infinite-width
mean-field dynamics trained with projected (spherical) gradient flow on infinite data, and p}” the m-particle
mean-field discretization of this dynamics, trained with n samples. We establish a set of conditions under
which pl* is well approximated by pMF up to the time required to learn the teacher model. The crux of these
conditions is twofold:

1. The mean-field dynamics satisfy a certain local strong convexity (Assumption 4), which states that when
a neuron is close to a teacher neuron, the local landscape is strongly convex.

2. A certain average stability parameter .J,y, (Assumption 2) is at most O(1/7"), where 7' is the convergence
time. Loosely speaking, .J,y, is a measure of the average sensitivity of the neurons with respect to a small
perturbation in any one neuron.

We show in Theorem 1 that if these conditions hold (along with several other regularity and technical
conditions), then for ¢t < T,
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This means that poly(d,T") neurons suffice to approximate the mean-field limit up to the time of conver-
gence. This result also gives a non-asymptotic rate of convergence of p7* to pMF with time dependence that
goes beyond the pessimistic Gronwall estimate. We remark that we do not expect propogation of chaos to
hold in the non-spherical setting, even for learning simple functions (see Remark 3).

In Theorem 2, we apply our result to a setting of learning a single index model (SIM) with information
exponent k* > 4, for which gradient flow converges in time 7' = d®**)_ First, we prove that in this setting,
the limiting mean-field network, trained on the population, can learn the target function at time 7". Then we
use Theorem 1 to show that with m, n = d®*"), at time T, W1 (pMF, p/*) is small, and thus the finite-width
model p}" also achieves small population loss.

Notation 7P(€2) denotes the space of probability distributions over Q. We use Wi (p, p’) to denote the
1-Wasserstein distance between two distributions p and p’. When [ is an empirical measure of the form
fi = L3, 6, which is clear from context, we will use the shorthand f(i) = f(w;), and denote E; f (i) :=
LS fw;). Weuse Py := (I —ww?). For H € L*(S41 x 471 12 R™*4) D e L2(S*1, p, R%*9)
and A, € L2(S?1, 11, RY), we use HA(w) := Eyy o, H (w, w')A(w'). We use D © A(w) = D(w)A(w).

Throughout this paper, we will use the asymptotic notation O¢(X) to denote X times some constant
that depends arbitrarily on C'. Whenever a term of the form C' (usually with some subscript) appears, this
term is referring to a constant, meaning that its value does not depend on m, n,d (which we will take to
infinity). We use “with high probability” to mean that the probability approaches 1 as m or n approaches
infinity. This probability is taken over the neural network initialization {w; };¢[,) and the random sample of
n data points.

2 Setting and Preliminaries

2.1 Projected Gradient Dynamics on Neural Networks

Consider a neural network to be parameterized by some distribution p € P(S%!), such that

fo(x) := EwNpa(wTa:),
for a link function 0. We require that ¢ satisfies the regularity conditions in Assumption 1.
A problem is parameterized by an initial distribution for the network weights, pg, and a distribution D
over points (x,7) € R% x R. Given (pg, D), we define f*(x) = Ep[y|x]. We will train the neural network
to minimize the square loss

LD(p) = E(m,y)ND(fp(x) - y)2 .
We study the projected gradient flow dynamics of p induced by moving each particle w ~ p in the
direction of the gradient of the loss Lp(p), and then projecting the particle back on the sphere:

dw = Vp(w,p) = —(I —wwl)VyFp(w) + (I — wwl)VyEy o, Kp(w,w') 2.1

where

Fp(w) := E(w’y)wpya(wTa:) and Kp(w,w') := IE(%y)NDU(w’Ta:)J(wa).

In the case where we are training with infinite data, the relevant problem parameters are ( f*, po, D,,), where
D, is the z-marginal of D. In such a setting, and when D, is clear from context, we will use V (w, p)
(without any distribution subscripted) to denote the case where x ~ D, and y = f*(z) deterministically.
Whenever an expectation over  appears in this paper without any explicit distribution, it should be inter-
preted as over x ~ D,. In this paper, we will primarily be interested in a teacher-student setting with a
ground truth measure p*, such that f*(z) = Ey»~, o (27 w*). Thus we will sometimes describe a problem

by (p*, po, Dz).



2.2 Coupling between Mean Field and Finite-Neuron Dynamics

We will study the evolution of two different learning dynamics in this paper:

Infinite-width, infinite data mean-field dynamics. We denote the mean-field distribution at time ¢ by
pME € A(S971), where we initialize p}F = po. Each particle w € S¢~! in the mean-field dynamics evolves
according to the infinite-data velocity V (w, pMF) € T,,S?1. & (w) € S?~! denotes the characteristic of a
particle initialized at w and evolved under the mean-field dynamics,

%gt(w) = V(ft(w%pll‘/vm) fo(wz) = w; .

This dynamics can also be expressed though the continuity equation:% pME =V - (V(w, pMF) pME).

Finite-width, finite-data dynamics. Let p}* denote the dynamics of a distribution supported on the m
neurons under the projected gradient flow induced by the empirical loss from n training samples. Let D
denote the empirical distribution of the n training samples. We initialize pj* = % St w,. Where w; ~ po
i.i.d. for each ¢ € [m]. Each particle w in the finite dynamics evolves according to the empirical velocity
Vi (w, pi*). We use &:(w;) to denote the location at time ¢ of the particle initialized at w; whose dynamics
are given by

4L (wi) = Vi (&elwi), o) Solwi) = w; .
We will study the setting where the training data are drawn i.i.d. from an subgaussian distribution with

subgaussian label noise (See Assumption R2).

Coupling the dynamics. Let pi"* be the distribution initialized at pj*, but that evolves according to the
dynamics V (-, pMF). Thatis, pj* = L 3" 5, (w;)- Note that py"* is equivalent in distribution to a random
sample of m particles from pMF. Define the coupling error at neuron w; as

Ay(i) = &plw;) — &(w;) €RY, i € [m],

such that Ag(i) = 0 for all <. Now by definition, W1 (p*, py*) < E;||A.(4)|]; thus it is easy to show that
IE;||A¢(7)|| gives a good bound on the function-error distance between pMF and p:

Lemma 1. With high probability over the draw pg', we have

. 2log(m
Ea(fppe(2) = fop (2))* < 20 (Bl A1) + frf)
2.3 Description of the Dynamics of A

The main result of this section is Lemma 5, which gives a first-order approximation of the dynamics of
A(i). The quantities {A(7)}; evolve via their own particle interaction system, governed by two main
terms: a self-interaction term, and an interaction term. The self-interaction term is described by what we
term the local Hessian, the derivative of a particle’s velocity with respect to that particle’s position.

Definition 2 (Local Hessian). The local Hessian Dtl - S%=1 5 R of neuron w at time t is
d
D = ——=V MEY (T - ).
F) = (g V(60 A™) ) 1 - Glwi(w)”)
We will also use the abbreviated notation Dj-(i) := Di-(wy;).
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Figure 1: Decomposing %At( ) = V(& (w;), pPF) — @(ét(wi),p{”). The approximate differences between the
terms in the rectangles are given above the arrows.

Remark 1. We call this the local Hessian because it equals the negative Hessian of the landscape of the map
E(wy) — Up(&(w;)) := U(&(wy); pMF), where U = $= is the first-variation of the loss, so that V = VU,

and & (w;) is restricted to the manifold S=1. Thus if the local landscape Uy (&;(w;)) is convex on S*1, then
Dj(i) is negative semi-definite.

The part of the dynamics driven by the other A4 () is described by what we term the interaction Hessian,
the (rescaled) derivative of a particle’s velocity with respect to the other particles’ position.

Definition 3 (Interaction Hessian). Define the interaction Hessian HtL sS4 S 5 RIXA py

Hi-(w,w') i= (I = &(w)&(w) ) Ve, () Ve, () K (& (w), & (w') (I = Ew)&e(w')T),
We will also use the abbreviated notation H;-(i, j) := Hj-(w;, w;).
Fact 4. For any w,w', Hi-(w,w') is a positive semi-definite kernel.

Proof. By definition of K in Equation 2.1, one can check that H;*(w, w') = Ep¢.(w)¢.(w')T, where we

define the feature map ¢, (w) := (I — & (w)&(w)T)o! (& (w) x)z O
We assume the following basic regularity assumption on the activation function and the data.

Assumption 1 (Regularity Assumption). RI For a constant C,e, the activation o satisfies that for j =
0,1,2,3 and any subgaussian variable X, we have Ex|c\9) (X)|> < Cree /11, where o\9) denotes the
Jth derivative of o.

R2 The distribution D, on the covariates is subgaussian, and the noise has covariance at most 1, that is
2
Ey~D|m(y - f*(l“)) <L

We introduce the control parameters

_ d3/2log(mT) _ Vdlog?(n)
em = = =
We will show in Lemma 17 that with high probability, the error ||V (& (w;), pMF) — V(& (w;), pi)|| due to
sampling only m neurons is uniformly (over ¢ and ) bounded by €,,. Similarly, we will show in Lemma 21
that the error HVf)(é't(w,;), P7) =V (& (w;), pi™)|| due to using the empirical data distribution D is uniformly
bounded by ¢,,.

Lemma 5 (Parameter-Space Error Dynamics). Suppose Assumption 1 holds. With high probability, for all
t <Tandiéc |m)

%At() Di () A1) = Ejopm) Hi- (6, 1) 04 (7) + €1,

where [|€;;|| < 2em + en + 2Ce ([ A0 (0) 1 + Ej | Ae (7))

We prove Lemma 5 by decomposing LN (i) = V(& (w;), PPF) =V (& (w;), p) into four differences
(see Figure 1), and separating the first order terms (in A;) from higher order terms in these differences.



An integral form for A;(7). Duhamel’s principle gives us a way to solve the ODE in Lemma 5 using the
solution to a simpler dynamics which only involves the local Hessian.

Definition 6 (Local Stability Matrix). Define J;-(w) to be the matrix that solves

We call this the local stability matrix, because Jt%s(w) = df%(w)gt,s(fs(w)), where & s(u) denotes the
position of a neuron at time t which evolves in the mean field dynamics starting at position u at time s. We
use the shorthand Jy 4(i) 1= J; s(w;).

On the same assumptions as Lemma 5, Duhamel’s principle yields
t
Bli) = [T (B H D) A0) + €ai ), 2
0

3 Main Result: Propagation of Chaos

3.1 Intuition and Key Challenges
To bound Wy (pf, pMF), it suffices to analyze the dynamics of A; given by the ODE in Lemma 5:

L) = Dy () As(8) = By Hi (6, ) A (G) + €1 Nlerill < e (3.1

One might hope to leverage the linearity of (3.1) to solve this ODE in closed form, but unfortunately, the
time-dependent coefficient matrix, diag(Dj;-) — Hj", does not commute at different times ¢.

Going Beyond Gronwall. The conventional approach (see eg [MMN18]), uses the maximum Lipschitz-
ness of V' (w, p) (in our spherical case, this translates to a bound on sup; ; , D& ||, || H7- (4, 7)|) to bound the
RHS of (3.1) as

d , . .
G 1A < 2Lipmay sup [|A(7)] + e (3.2)

JEmM]

In standard settings, this maximum Lipschitzness is a constant, so this method can achieve no better than
the bound W1 (o, pMF) < exp(©(t))e. The work of [MZD*23] goes further to bound (3.2) using a tight
time-dependent Lipschitz constant, yielding propagation of chaos for log(d) time. However, for problems
with polynomial-in-d time to convergence, such as learning a SIM with a high information exponent, the
approach in (3.2) is overly pessimistic, because both the local Lipschitzness at neuron i, and the ||A;(j)]|
are extremely non-uniform in ¢ and j (See Fig. 2).

Equation (2.2) gives us an alternative way to approach (3.1) which can leverage the non-uniform Lips-
chitzness. Ignoring for a moment the interaction terms in Equation (2.2), we have || A¢(7)|| ~ fg Jt%s (1)€s,ids,
where we recall that the perturbation matrix JtLS(z) measures of the stability of {;(w) with respect to pertur-
bations at time s. Naively, ths(wi) appears to grow at an exponential rate whenever the local landscape of
the linearized loss around &;(w;) (see Remark 1) is non-convex.

A key observation of our work is that when w; escapes certain higher-order saddles, ||J7 (i) will be
bounded polynomially in ¢ — s. We achieve this by showing a certain self-concordance-like property which
upper bounds D;(i) using the velocity (which is small near the saddle). Thus one part of our assumptions
will be a worst-case polynomial bound on || J#s (w)]| (see Assumption 2).
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Figure 2: Non-Uniform Dynamics in a SIM with Information Exponent 4 (f*(x) = He4(;3€Tw*). We plot
D), |A: ()|, ¢ (w;) = |w*& (w;)| for each neuron. Left: Top eigenvalue of the local hessians Dj-(i). Cen-
ter: ||A¢(7)]], Right: Alignment o (w;) with the teacher neuron. A key challenge in the IE > 2 setting is the variance
in Lipschitzness among the different neurons, and in ||A;(4)]].

The Interaction Term: A Blessing and a Curse. At first glance, the presence of the PSD interaction term
Hj- in (3.1) seems like it can only help us bound E;||A(4)||. Indeed, if we ignore the local D;- terms in the
ODE, we would have that %At = —Hj* A, and thus we could show that ;|| A;(i)||%, an upper bound on
the Wasserstein-2 distance Wa(p7, pMF), is non-increasing.

However, the interaction of H;- and Dj" can lead to precarious situations if the neurons move at non-
uniform rates. To see this possibility, suppose for some neuron w;, A () first grows by a polynomial factor
due to Dj-(i), and then propagates that error, via the interaction term, to a different neuron w;. Later
on, when neuron wj; escapes the saddle, it will grow A;(j) by a polynomial factor. The process can then
continue by “passing off”” the error between neurons such that it grows in an exponential fashion, without
any neuron doing more than “polynomial growth” of the error itself.

To rule out such a scenario, we will impose an assumption that leverages the intuition that in many
teacher-student settings with uniform initialization, the neurons are dispersed before converging to the
teacher neurons. Thus on average, the interaction term — whose scale is dictated by inner product wlT w;
— is small, and cannot propagate too much error to these neurons. Specifically, the interaction term drives
changes in the error according to the interaction Hessian, H;-: an error of A;(j) at neuron w; causes a force
of —Hj*(i,7)A¢(5) on the error of neuron w;. Following Equation (2.2), this force propagates into an error
of scale Ry 4(i,7)As(j) on neuron w; at time ¢, where Ry 4(i,7) := st(z)Hj(z,j) The second part of
Assumption 2 states that the average of Ry s(i, j), over all neurons 4 far from supp(p*), is small.

Behavior Near the Teacher Neurons. While the second part of Assumption 2 is quite powerful, we
cannot hope that it holds for neurons near the teacher neurons. Indeed, when 7 and j are both near some
w* € supp(p*), then || Ry (i, 7)|| = |[H-(i,7)|| = 2(1). Thus for neurons near supp(p*), we will need to
leverage the fact that H;- is PSD. A key contribution of our work is constructing a novel potential function
which can leverage this term. We discuss this at length in Section 4.

3.2 Theorem Statement

We will now present an informal version of our assumptions and propagation of chaos result. Due to the
technicality of some of the assumptions, we defer some full statements to Appendix A. Define

By = {we 87" 3w’ € supp(p") : |’ — wl < 7).

The following key assumption gives average and worst-case bounds on some of the stability parameters of
the MF dynamics.

Assumption 2 (Worst-Case and Average Stability Assumption). Suppose that we have

D= 0 (A B |75 (0) |2) < poly(d.)
s<t<T,weSd—1



Further suppose that for all T > 0, and given a target horizon T > (),

Jogr) =S By | () w ol 16 ) ¢ Br) < DT

s<t<T,w',veSd—1 T
Next, we will state our local strong convexity assumption. We remark that such an assumption can only
hold when p* is atomic (see Remark 2).

Assumption 3 (Local Strong Convexity (Abbreviated; see Assumption 4)). We have (Cysc,T) locally
strongly convex up to time T, meaning that for any t < T, for any w with &(w) € B, we have

D (w) = =Cusc Py EalF e () — ().

Both Assumption 2 and 3 are verifiable via solving the deterministic mean-field dynamics pM¥. For
technical reasons, our result requires depends on two additional conditions. First, our theorem depends on
the rank of the interaction Hessian as pMf — p* being a constant independent of the ambient dimension d.
This rank can be bounded by the following parameter, which will appear in our main theorem:

Cpe = min(]supp(p*)], dim(supp(p*))degree(a)) _

Here degree(o) is the degree of the polynomial o (or co if o is not a polynomial). We do not expect such
an assumption to be critical; see Remark 4.

Second, we require a symmetry condition stated in Assumption 5 (in Appendix A). Loosely, this requires
that the atomic set supp(p*) is transitive with respect to the group of rotational symmetries that describe the
problem. We remark that such an assumption still covers many non-trivial problems, for instance, learning
two teacher neurons in non-orthogonal positions, many neurons in orthogonal position, or a ring of evenly
spaced neurons in a circle. See Remark 6 for further discussion.

We are now ready to state the main theorem.

Theorem 1. Suppose the Assumptions 1,2,4,5 hold up to time T (if relevant). Let C be a constant depending
on Cisc, 7,0 and C,+. Suppose n and m are large enough such that J;}, T3(e, + €m) < 1/C. Then with
high probability over the draw pg', for allt < T,

))2 n 2C)eq log(m)

< 2,
m < (CJmaxt(em + 6n))

Em(fpg’“:(x) - fp,’g"(x))Q < 2(Wl(p?ap}pr

where €, = 126mT) ma}i}%/2‘]'”“"’d3/2),en = \/al\o/gnf(n)’ and § 1= sup,<, \/Ex(fpgap () — f*(x))2

Theorem 1 follows directly from Lemma 1 and Corollary 42 in Section D. In Theorem 2, we will apply
this theorem to the example of learning a single index function with high information exponent which takes
T = poly(d) time to learn.

Remark 2 (Local Strong Convexity). Our local strong convexity is similar to assumptions appearing in sev-
eral other works on MF neural networks [Chi22c, Assumption A5 [[CRBVE20, Lemma D.9]. In comparison
to the assumption these works, our assumption is stronger in that we require it for all t, not just as t — oo;
this is necessary for our non-asymptotic analysis. However, our assumption is also weaker in that we allow
the strong convexity parameter to depend on the loss, similarly to the notion of one-point strong convexity
(see e.g., [SYS21]). Attaining the stronger non-loss-dependent strong convexity requires a strongly convex
regularization term.

In problems where the mean-field dynamics converge to p*, our local strong convexity condition enforces
that when a neuron wy is close a teacher neuron w* € supp(p*), it will be sucked into w*, and thus any small
perturbations are dampened. Local strong convexity can only hold when p* is atomic. Properties similar
to local strong convexity have been shown for various sparse optimization problem over measures (eg.
[FDGW21, PKP23]).



3.3 Application to Single Index Model with High Information Exponent.

We will study the setting of learning a well-specified even single index function f*(z) = o(xTw*), where
w* € S and o (2) = Zszk* ciHex(z), where (a) k* > 4, and Tlm < ¢+ < Csiv maxy, ¢, (b) For all
k, ¢, > 0 (c) o is an even function. We restrict to the case when k£* = 4, because the analysis for the setting
where k* = 2 has notable differences; namely, the escape times of the neurons is no longer non-uniform as
in Figure 2(right). We assume the initial distribution pg of the neurons is uniform on S9-1 and the data is
drawn i.i.d from the distribution D, which has Gaussian covariates, and subgaussian label noise: that is,

z~N(0,1a)  y=f(a)+((2)  E[()] =0, E[((z)*] <1.

Theorem 2. Fix any d, and suppose d is large enough in terms of 6, Cspy and K. Let T'(9) := arg min{t :
Ex(fptw(x) — f*(x))? < 6%}, Then T(5) = OKCS,M(\/gk _2516**1). Ifn > d" and m > d'3F", then
with high probability, for all t < T'(9),

E;c(fpyF( ) — for(2)) Smin(\/m,\/ﬁ)'

Thus, Eq (fyr(x) — fop (7))? < 36

4 Overview of Proof Ideas

4.1 Potential-Based Analysis to Prove Theorem 1

We introduce a potential function of A; which dominates W7 (o, pM¥). Building upon the observations
from Section 3.1, we design this potential function to have the following three properties:

P1 When many neurons are near the teacher neurons, the dynamics due to the interaction hessian H;-
should cause the potential to decrease.

P2 When a neuron wj; is in a the locally convex region (D#(i) =< 0), the dynamics due to the local
Hessian at w; should decrease the potential.

P3 The change in potential due to a perturbation of A should be bounded proportionally to the average
change over the A,.

A natural choice for the potential function would be E;||A.(7)|? (which upper bounds Wa(pi™, pMF)) be-
cause when pMF = p*, the D, (i) are negative definite, so %EiHAt(i) 1?2 =~ —AT HFA—2E; A ()T Dy (1) Ay (i) <
0. However, such a function doesn’t satisfy P3 whenever there is a lot of variance among the ||A(4)||. This
turns out to be a major issue.

To achieve P3, intuitively, the potential function should behave more like W1 (pi", pMF) than Wa(pi™, p
making E;||A;(7)|| another natural choice. Unfortunately, this alone does not work as potential function, be-
cause even when all neurons have converged to the support of p*, it may increase under the dynamics from
the interaction Hessian. As an example, consider the case where p* = d,~, and thus near convergence,
Hi ~ 117 @ P, where 1 € {S?! — R} sends all inputs to 1. Then if A; is very “imbalanced” (in the
sense that H;-A; = E;A(i) is large), we may have %EiHAt(i) | > 0. For example suppose A(i) = u for
a p fraction of the neurons, and A () = 0 for the remaining neurons. Then 2E;||A(i)|| = —p+(1—p) > 0
for p < 0.5. To counteract the increase in E;||A¢(7)||, we need to include in the potential function a term
which decreases whenever A is very imbalanced, yet it retains a flavor of an £; norm. In order to tame the
interactions, such a term should naturally take into account the eigendecomposition of H;-. To construct

i)




such a potential function, we will instead consider the eigendecomposition of the map HZ (defined explic-
itly in Defintion 7), which closely approximates H;- on neurons in B, and avoids tracking the temporal
evolution of the eigendecomposition. This ultimately allows us to leverage the PSD structure of H;-.

Definition 7. Define HX explicitly in the following way.
Heo(w,0) = Peso 1) Voo ) Ve (u) K (€ (), € (W) P (1)
where £>°(w) 1= argmin,« cgupp(p) [1§7(w) — w*|| and we break ties in the argmin arbitrarily.

Let Z := L%(S?71, po; R?) be the Hilbert space with the dot product (f, g) z = Eumpy f(w)T g(w). De-
fine the action of H : (S¢71)®2 — R4 on Z as v — Ho(w) := Eyypo H(w,w')v(w’). In Section D.2.2,
we verify that Hiéo is well defined, self adjoint, and due to the atomic nature of p*, the span of Hicfo is has
some finite dimension J. Therefore, fT; admits a spectral decomposition in Z in terms of an orthonormal
basis {¢;};<:

HE=) Nej®¢j, ER, € Z, (4.1)
i<l

such that |[HL ||, == ;|Ajl < oo. Note that one can have multiplicities in this spectral decomposition.
For that purpose, denote by A = {\;;j < J} the support of the spectrum. For each A € A, we denote by
V) the subspace spanned by {¢;; A\; = A}, and let P, be the orthogonal projector onto that space.

Definition 8 (Balanced Spectral Decomposition of H (WED ) ). We say that the spectral decomposition
(4.1) is Cp-balanced if, for all X € A, there exists an orthonormal basis B, of V), and some ny > 0 such that
forallw € S, > veBs v(w)v(w)" 2 nily, and >\ pn3 < Cp. We denote by Q := {(Bx,mx) }rea the
resulting set of eigenfunctions and constants.

Now, for any v € Z and A € (R%)®™, we define ¢,(A) := [E;v(w;) T A7), and
2\ 1/2
Uo(A) = > m(Loen, 0u(A2)
AEA
Finally, our potential function is

Do(A) = QA) + U(A),

with Q(A) = E;[|A®7)]].
When the context is clear, we will write ®o(t) = Po(Ay).

Lemma 9 (Balanced Spectral Decomposition). Suppose Assumption 5 holds. Then there exists an spectral
distribution Q which is C - = min(|supp(p*)], dim(supp(p*))degree(a))—balanced.

The next three lemmas show that the potential function ® ¢ has the desired properties P1-P3.

Lemma 10 (Descent with Respect to Interaction Term). Let ®o(t) be as defined above, where Q is a Cj-
balanced spectral decomposition of H olo Then for any T > 0 for which the concentration event of Lemma 19

holds for S = B, we have
(VOo(t), —Hi Ay) < (1 + Cyp)E||BiH (4, §) 114 (wi) & Br) + Exo,

where £10 = Oc,,,c, (Ei| A (0)[1(&(ws) ¢ Br) + (7 + Chey)QUL)).

10



Lemma 11 (Descent with Respect to Local Term). Suppose Assumption 4 holds with (Cysc, 7). Let Q be a
Cyp-balanced spectral distribution. Then with C11 = Oc,, c,(1), we have

(Voo(t), Df ® Ay) < _<CLg(ptMF) - CnT)‘I)Q(t) + CEi | A(0)11(&(wi) ¢ Br) + CoBal Ay (i) ||

Lemma 12 (L1 Perturbation Lemma). Let Q be a Cy-balanced spectral distribution. Let G : [m] — RY.
Then |(V@g(t), G)| < (1 + Cp)E4l|G(0)]]-
Combining the three key properties of the potential function, along with Assumption 2 allows us to
bound the dynamics of the potential function in the following way (formalized in Theorem 3):
d < _ Ciscy L(Piwp)q) !

%Qg(t) —c o(t) + CJayg /_0 Do(s)ds + CJmax(€m + €n), 4.2)

where C = Ocp* Creg(1). Theorem 1 follows by analyzing this differential equation. We leverage Assump-

tion 2 to prove (4.2), by bounding the term E;||A¢(7)||1(&(w;) ¢ B;) which arises from Lemmas 10 and 11.
Indeed, using the closed form for A;(7) given in Equation 2.2, we can expand

Bl A161(w0) # Br) ~ B [ 1T GIEHEG.3) A6 ¢ Br)ds

S=

t t
< [ 1A sw B [ SO w) ¢ Bds
s=0 s=0

= veSd—1

t
S o | B a0l

t

< Jave / Do(s)ds.
s=0

Here the third line follows from Assumption 2 (along with a concentration argument in Lemma 18).

4.2 Self-Concordance Argument to Bound J,,x
To avoid exponential growth in ths, we make the following observation.

Observation 13. When the velocity V (w, pMF) of a particle w is small, so is || Di-||.

To make this observation more concrete, consider the simplified case of learning a single index function
f*(x) = o(xTw*) with Gaussian data, where o(z) = Hey(z) for k > 2. We expect a similar property
may hold in other low-dimensional feature-learning problems, where the local non-convexity arises only in
a low-dimensional subspace. For a neuron w;, when oy := th w* is small (and assume for simplicity that

oy 18 positive), we have that
k—1
Qi

d d
Vi) == —oy = af !, thus %V(at) ~(k—1)af? View) .

dt

By showing that || D;-|| is dominated by -&V (), we get the desired “self-concordance” property:

d (k—1)
D = [|-—V (wi, p"™")|| £ ——V ().
191 = gy | s E v
Recalling the differential equation of Jtﬁs , we have just shown that % [ ths | < %V(at) I J#S ||. Note that

trivially, o satisfies the differential equation %at = O%V(at)ozt. As a result, one can easily deduce that

k-1
1T < <M> : see Lemma 54.

lovs]
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4.3 Averaging Argument to Bound J,,,

Recall that in order to use our approach to achieve a propagation of chaos for polynomially sized networks,
for any w’,v € S¥~! and 7, we must have

sup Eoorpo || T35 (w) HE (w, w')o||1(&(w) ¢ B;) < O, <;)

5,t<T,w’ ,veSd—1

where 7' = ©(d*—2)/2) is the desired training time. We briefly give some intuition for why this holds in the
single-index model f*(x) = Hey,(z”w*), which requires 7 = ©(d*~2)/2). To tightly bound Ju(7), we
need leverage the fact that neurons far from +w* are dispersed. By averaging over the “level set” of neurons

with as(w) = o (where o (w) := |w*T & (w)|) we have
i ’ —1/2 k-l
sup Ew:\as(wﬂzaan (w’w )UH < max(d ,Ot) .
w’ ,weSd—1

k—1
Plugging this in for ¢ < T, along with the bound || ths | < ('O‘—ZI) from above, yields

lovs]

Fung(7) < Ew<\|z§3’\>k_lmax(ﬂ1,as<w>)k_11<\at<w>r <o)

S Ewlog(w)|* M1 (Jar(w)| < 1 - 1),

Bounding this final term results from the observation the particles escape the saddle at roughly uniform time
in the interval [0, 7| (see Figure 2(right) and Proposition 49).

5 Conclusion and Discussion

We have studied propagation-of-chaos in the context of two-layer neural network training. By leveraging
several key geometric assumptions of the optimization landscape, we have established non-asymptotic guar-
antees of finite-width dynamics with polynomial dependency in all relevant parameters. At the heart of
our technical contributions is a tailored potential function that balances the intricate interactions that arise
between particle fluctuations around their idealized mean-field evolution. In essence, our assumptions ex-
ploit a form of self-concordance in the instantaneous potentials, as well as symmetries in the minimizing
mean-field measure. While these assumptions rule out generic interaction particle systems, they crucially
capture several problems of interest, such as planted models including single-index models. An enticing fu-
ture direction is remove the local strong convexity assumptions to extend to the case when p* is a manifold;
among other settings, this captures the case of learning a misspecified SIM. Another interesting question
is how to go beyond the Monte-Carlo scale of fluctuations, which is known to hold asymptotically under
certain conditions [CRBVE20, Theorem 3.5].

Remark 3 (Spherical Constraint). We remark that when the weights of the neural network are not con-
strained to the sphere, propagation of chaos fails even in simple settings: to see this, consider the case
of learning a SIM with information exponent k > 2. With polynomial width, we require the standard
T ~ d*=2)/2 time. However, with infinite neurons, only a o(1) fraction of neurons are required to learn the
feature since they can become a disproportionate mass of the network, so we can achieve T = d(:=1)/(k+2)

—2
convergence time, by leveraging only the neurons with initial alignment > d*+2.

12
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A Full Statement of Assumptions and Remarks
Let V = span(supp(p*)) and let U be the space orthogonal to V in R?. Let
Cp = min(]supp(,o*)\, dim(V)degree(")).

Assumption 4 (Local Strong Convexity (Full Version of Assumption 3)). We have (Csc, 7) locally strongly
convex up to time T, meaning that for any t < T, for any w with & (w) € B, we have

D (w) % ~Cuse Pesuy\[Ea (e (2) = (@))%

Further, the strong convexity is structured, meaning there exist values ct,c? > c such that for any w with
& (w) € By, we have

< [0 VE (@) — ()2

|t VVT P
2,/C)

o)V VT +GUUT — D (w)

+ CregT

Assumption 5 (Symmetries of p*). The automorphism group G of a problem (p*, D, po) is the group of
rotations g on S where for any A C S%1:

Py [A] =Ppe[g(A)]  Pp[A] =Pp,[g(A)] Py [A] = Pp,[g(A)]
We assume:

I1 supp(p*) is transitive under G, that is, for any w*,w*' € supp(p*), there exists g € G such that
g(w*) = w*'. Further, Py p, [{|w — w*| = |w — w*'||Jw*, w*’ € supp(p*)}] = 0.

I2 Let V = span(supp(p*)) and let U be the space orthogonal to V in R%. Then the distribution D, on
covariates x factorizes over U and V, that is D, = Dy ® Dy, where Dy is a distribution on V and
Dy is a distribution on U. Further, By, ~p,v = 0, and By, ~p,, zzl =UUT.

Remark 4 (Dependence on C),-, and structured assumption.).
Remark 5 (The structured condition in Assumption 4).

Remark 6 (Symmetry Assumption).

B Proofs of Lemmas from Basic Setup

B.1 Notation.

Throughout this section, we will use the following notation, which builds upon the notation in our setup
from the main body.

F(w) == Epup, f*(x)o(w )

F'(w) := (I — ww? )V, F(w)

and

" T

K(w,w') :=Epop,o(w™ z)o(w' z)

K'(w,w') == (I —ww?)V,K(w,w).
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In additional the interaction Hessian H;" introduced in the introduction, we also define a versions without
the orthogonal projection, that is:

Hy(w,w') := K'(&(w), &(w'))
Hit (w,0') = Hy(w, w')(I - &(w)é(w")

We also define the empirical local Hessian Dy (closely related to Dj-), where the expectation is taken over
P instead of pMF:

Dilw) i= e V60,7 = Ve P (6(0) ~ Euogp Ve K (€(w) 0)
D () = 22 V(0. o) = T P 6(0) — By Ve oK (6) )

B.2 Proof of Lemma 5

We being with a basic lemma which uses the regularity of o to bound the smoothness of various problem
parameters.

Lemma 14. Assume Assumption RI holds. There exists a constant Crg = Oc,,, (1) such that the following
holds for any w and w' with norm at most 1.

ST || £ K'(w, w)|| < Creg and || - F'(w) || < Cheg

ww) Screg

dw’2

S2 H

reg

S3 H—K’w w')

§4 || gt K" (w, w)[| < Cieg

S5 H

dw2 w) < Creg

op

S6 For any distribution p € A(S?1), we have H%V(w, p)H < Creg
op

S7 By, [Lip(a((2)))?] < Crg

Proof. [Proof of Lemma 14] These are straightforward to check from the definitions. First note that the
operator norm of the first and second derivatives of I — ww? is at most 2. Thus for any function G(w), by
chain rule, we have

-] e
-] sdfao] o]

So to prove the lemma, it suffices to bound (over all w, w’ € S%~1):

d3

F R
90 F(w)], =

S F(w)]),

)

Fw)
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and

|V K (w, w) d—gK(w w’) d—?)K(w w’) & VK (w,w") di?)v K(w,w")
w ) ) dw2 b ) dw3 ) ) dwd / w ) ) dw2dw/ w )
As an example, for S2, we have
d2
Hdw’2 K'(w,w')|| < sup Eyo(w!z)o"” (W z)ol (I — ww)z(vl z)(vl2)
op  v2,v2,v3€S4-1

1/5 1/5 3/5
< sup (Eoo(z"2)?)"° (Balo” (zT2)P)° sup (Eol(w”a)P)”
2,2/ €BY veSd—1
S C(reg/lly

where here the second inequality holds by Holder’s inequality, and the final inequality by Assumption R1.
For S3, the argument is the same as the previous one, except we use the product rule to account for the
derivatives of (I — ww™), which have operator norm at most 1.

For the rest of the terms involving derivatives — up to third order — of K, the argument is near iden-
titcal, following from Holder’s inequality and Assumption R1. Thus each of these terms about bounded by

Creg/11.
For the terms involving F', as an example, lets expand the the thrid order term. We have
d3
liarw] < s B0 Wl 0 o)
w

v1,V2,V3 €Sd-1

< sup (EJoDET0)P)" sup (Bl 0)P) " (Ealf @)))

2,2/ €BY veSd—1
< Creg/l 1.

It follows that all the terms in the lemma are bounded by 11(Cieg/11) = Creg.

We also prove Lemma 1 here, which we restate for the reader’s convenience.

Lemma 15. With high probability over the draw p(', we have

e (fpr(a) — fyp ()” < 2Ceg(BallA))? + 222,

m

Proof. [Proof of Lemma 1] Given coupling 7 € II(pMF, p7*), we may write

foye (@) = fop (2) = Bwwimn [o(zTw) —o(z"w)].
Jensen’s inequality on the square yields
Eo|(fpyr () = fop (2))%] < BuurnnBal(o(z"w) — o(a"w))?].
We proceed to control the inner expectation via Taylor expansion,
1
E.[(o(z"w) — o(z"w'))?] < E, [((w - w’)Tx)z/ (o' (tw + (1 — t)w') Tz)2dt| < Cljw — w'||?,
0

for some constant C' > 0, where the last inequality follows from Assumption R1 and Cauchy-Schwarz.

Now due to the spherical constraint, E,, ./ [|w — w'||* < 4Ey, yer||w — w'|, and thus taking an infimum
over coupling yields

E:[(fr (@) = for (2))?] < C- Wa(p'™", p}").
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We conclude the proof by Lemma 14.

Finally, we prove Lemma 5, which we restate here.

Lemma 16 (Parameter-Space Error Dynamics). Suppose Assumption I holds. With high probability, for all
t <Tandié€ |m)

d . . . o .

S A0) = Di (1) A(i) = Ejom) Hi' (i, 1) A () + €13,
where [|ex|| < 2€m + en + 2C;eg ([ A (D)]1? + Ejll AL (5)]I).-

Proof. [Proof of Lemma 5] We first decompose %At(i) into four terms:

L A0) = V(Ewi), M) — V(w7

dt
= (V(&(wi), pt'") = V(&lwi), i) + (V (Eewi), 1) = V (&(wi), pi"))
o (V(Ewi), o) = VEw), ) + (Vi) o) = Vi), o))
By Lemma 17 and Lemma 21, we can bound the first and fourth terms respectively with high probability:
IV (€e(wi), o) = V(Eewi), o)z < em. (B.1)
V(&(wi). ") = Vp(€u(wi), p") < €n.

For the second term, we have

V(&(wi), p}") = V(&(wi), p}") = —F'(&(ws)) + By K' (& (wi), w')

+ F,(St(wi)) - Ew/fvpg”K/(gt(wi)a w/)

= —E; (K" (& (wi), &r(wy)) — K'(Ex(wi), & (w)) + Ae(4)))
= E]N[m](Ht(Z7])At(]) + Vj),

where || v;|| < Creg||A¢(4)]|?. Indeed we can plug Lemma 14 S2 into the Lagrange error bound

d , 2
HK’(w,w’) _K’(w,w’+A) — WK’(U),U)’)A” < ||A]| w/:ﬁg/{igl dw,QK’(w,w/)
Now note that for any j, since both & (w;) and wt(j ) are on S%1, we have that
. 1 )
[(&e(wj) Ae(5))| = §HAt(])H27 (B.2)
and so by S1,
Hy(i, j)A(5) = Hi (i, §)Ae(5) + V)
where [|[v}[l2 < 3Creg||A¢(j)|? Summarizing, we have that
m m . N3
V(&(wi), pi") — V(E(wi), pi") = Ejopm) (Hf(lyj)At(J) + 2Vj)- (B.3)
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Finally for the third term, we have

~

d
V(&(wi), pi") = V(& (wi), pi") = =5V (w, o) lw=g,(wi) e (1) + v,

where by S6,

< Creg| (D)

d2
< AP ==V (w, p}"
IV < 1ADIP | GV )|

Recall that we have defined

_ d
Dulw) = gy V&) ") = Ve F (& (w)) = Buresr Ve K (), w).
Now
d 1% ; Yy — d F, . E. d K/ N £ )
dﬁt(wi) (gt(’wz)wot ) = dft(wi) (gt(wz)) — ]m (ft(wl)7§t(wj))
d y d .
= Gy (Clwi)) = By g (K (& (wi), &(wg)) + M)
where by S4,
IM;lop < 180G sp |4 R, )| < Crgll )
ww' || dw dw op

Thus, additionally using the fact that we have conditioned on the fact that || Dy (i) — Dy(i)| < € — and
thus || D;- (i) — Di+ (i) < €, — and again using (B.2) and S1 to swap D;(i)A(7) for Dj-(i)A¢(7) with an
error term of magnitude 0.5Cieq||A¢(4) [|%, we have that

V(&(wy), o) — V(& (wi), pi) = Di(3) Ay (i) + vs, (B.4)

where [[v3| < Creg (15[ A())[[* + A E; 1A () + em | A(@)])-
Putting together Equations (B.1), (B.3), and (B.4), we have

d

ZA0) = D (1) A (1) = By jiHi (4, 5) At (4) + €,

where

lell < e + em (L + [ Ae(@)]]) + Creg (L5207 + [ Ae()IE; [ Ae ()| + 1.5E;]Az]1%)
< e+ em(1+ [|Ac(0)]) + 2Ckeg (1A1(0)]1* + E4[144]1%).
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C Proof of Concentration Lemmas

Lemma 17 (Uniformly Bounded Sampling Error). With probability 1 — o(1) over the initialization, for all

t <T andi € [m)], the following holds with €, = Whoi\/%ipm.

IV (& (wi), pi'7) = V(Ex(wi), oI < €.
| D(i) — Di(i)]| < €.
Proof. [Proof of Lemma 17] Fix ¢t < T and w € S%1 By Equation (2.1), we have that
V(w, o) = V(w, 5f") i= (1 = wi”) (B Vo K (10, 0) = Buyrnp Voo S (1, 0) )
Now

E Ewlwpltv[FVwK(w, w') = Ew,Npltvaw/Np]twpva(w, w'),

wor~p)

and by Assumption R1, for any w’,w € S41, ||V, K(w,w')||oc < Creg- So by Hoeffding’s inequality,

taking a union bound over all d coordinates in the random vector, we have

4dC?2

reg

—-m €Em Q mﬁ?n
B[V (. ) Vw7 > 2] < 2dexp<—())

Now we need to take a union bound over all w € S 1, and ¢ < T. Create an net over S*~! of maximum

d
distance 4%% between any point and the net: this has size O ( (%) ) . Similarly make a net over [0, 7]

; this has size Zl(g'iT. By a union bound, with probability at least

Q(me2)) ACheg \*\ 4C1eeT
1—2dexp<—4dcr2eg>0<( -~ . 5

for any w in the net and any ¢ in the net, we have

of spacing ;7
reg

V(w, pMb) — V(w, pM)|| < ‘m_.
IV, ) = Vo, )] <

For any w, u € S!, for any p, by Lemma 14, we have
Vi(w,p) = V(u,p) < Cregllw — ul.
Similarly, by Lemma 14, for any s, ¢ < 7', and any wg, we have
1€:(wo) — &s(wo)|| < Creg|t — -

Thus, for any w € S and t < T, there exist u and s in the respective nets of distance at most %':eg By

a standard triangle inequality argument, we attain that with the probability in Equation C, for all w € S%~!
and ¢ < T', we have

IV (w, pi"") =V (w, ")l < em.

. dlog(mT)
One can check that since ¢, > o

The argument for proving concentration for D;(w) uniformly over w and ¢ is identical. The only change
is that since D;(w) is a d x d matrix, we need to take a union bound over d? indices in this matrix, so we
d3/2 log(mT) O

vmo

, this probability is 1 — o(1).

require that €, >
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Lemma 18 (Concentration of J; ;). With high probability over the random choice of py', forall s <t <'T,
all vectors v € S* 1, and all j € [m], we have

Eil| Je,s (i) Hy (i, )0l 1(€e(wi) € ) = Bumpy | Jt.s (w) Hy (w, 00 (5))0 ]| 1 (& (w) € S)| < em,

for ey, = 7\[Jm”z/l%g(mn

Proof. [Proof of Lemma 18] Fix w’,v € S* ! and s <t < T. Let
X (w) = || o5 (w) Hy (w, w)o[|1(&(w) € 5).

To prove the desired bound for j we must bound ‘EwNpOmX (w) — Eyepo X (w)| with high probability for
w' = wy (])
By Lemma 14, we have | X (w)| < CregJmax. By Hoeffding’s inequality, we have

4C2, J2

reg* max

2
P[‘Eww%nX(w) - EWNPOX(W)| > %n] < 2exp (Q(m6)>

Now we need to build an e-net of scale 66077% over 5,t € [0,T], w € S¥!, and v € S¥~!. The product of
the size of these nets is

6TCres \* ) [ ((6Cres )™
€m €m
Checking Lipschitzness of the various quantities as per the proof of Lemma 17, and then using a union

bound gives the desired result with high probability whenever ¢, > w. O

Lemma 19. Fixa set S C ST, any function v : S~ — BY. With probability 1 — o(1/d) over the random

dlog(md)
vm

choice of py', for any w € SA=1 with 67173 = we have

Ewrmpo Hog (w, w0 (w") 1(&(w') € S) = By Hog (w, w)o(w')1(& (w') € )| < [|v]| o€,
‘PW'NPO [{t(w’) S S] — ]Pw’wpan [ft(w’) c SH < Eir?.

Proof.
The second statement is immediate by a Chernoff bound. For the first statement, the proof is similar to
the other concentration lemmas. Fix w. Let

X(w') = Hog(w, wv(w')1(&(w') € 5)

Since || Hx (w, w')|| < CregI for all w, w', we have the following bound:
By Hoeffding’s inequality (unioning over all coordinates of X (w')), we have

eld Q(m6192)
P[HEwwpan(w’) — EwnpoX H > 5 ] < 26Xp< 102 4 )

reg
We need to build an e-net of scale 4; over w € S?! since by Lemma 14, X (w) is Creg-Lipschitz in

d
w. This net has size ((O(Ec;:g)) > . Thus with €l = dl‘\’}g(»m) we have that with high probability, for all

w € S, the desired quantity is uniformly bounded. O
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Lemma 20 (Averaging Lemma). Suppose Q is Cy-balanced, and the high probability event in Lemma 18
holds for S = B.. If Assumption 2 holds, then for any s < t,

Eil| Je.s (i)ms ()| 1(& (wi) ¢ Br) < (1+ Cp)(em + Jung(7)) Pa(t)-
In particular,
Eil|m(0)||1(&(wi) & Br) < (1+ Cs) (e + Jarg(7)) a(t).
Proof. Recall that
ma(i) = EthJ_(iaj)At(j)'
Thus
1 Te,s (@)ms ()] < Ejl| Je,s (6) He (i, ) Ae(5) .
Now for any vector v € R%, by Lemma 18 and Assumption 2, we have that

Eil| Je.s () Hy (i, )0l < e [0]] + Jave (7)[10]],

and so
Eil| Jt,s(0)ms ()| 1(& (wi) & Br) < (en + Jave (7)) Bl Ae(0)]| < (enp + Jave(7)) @ (1)
The second line of the lemma holds by plugging in s = ¢. This concludes the lemma. O

Lemma 21. Suppose the empirical data distribution D= Yoy O(z;,y;) Satisfies Assumption R2. Then with
high probability over the draw of D, we have uniformly over all w € S, and all p € A(Sd_l), we have

||V25(w,,0) - V(UJ,,O)H < €n,
_ Vdlog®(n)

fore, = N
Proof. The velocity is linear in p, so it suffices to prove that (additionally) uniformly over w’, we have
[V (w, du) — V(w, 0y )| < €n.
We expand
Vb(w, Ow) = (I — wa)ExN@(y — J(w'Tx))a'(wT:E)m;

it suffices to prove that with high probability, uniformly over w’ € S, and v € S*~!, we have

T

|E, po(w z)o (w”

z)zTv — Eypo(w'Tz)o’ (w

T

Tx)xTv‘ <e,

T

E, pyo’ (w'z)a"v — Epupyo’ (wz)a"v| < e,

For a fixed w, w’, v, since by Assumption R1, all the terms in side the expectations are Creg-subgaussian,
this holds with probability exp(—ne2 / 2Cr26g). We now take three epsilon-nets over S%~! (for w, w’ and v
respectively) at the scale GEC’;g. Note that Lemma 14 implies these quantities are Creg-Lipschitz with regard

’ . . . Cre d Vdlog?(n)
to w, w’ or v. Since the epsilon nets have size (O (Tg)) , with €, = v we see that

exp(—ne,, /2C2,) (O <(’;reg> ) " =o(1).

n
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D Proof of Results Relating to Potential Function Analysis

D.1 Notation
For g,h : X — R% and aset S C S?! we will denote the dot product and conditional dot products
<ga h> = Ewwpog(w)Th(w)'
(9,1)s = Bumpog(w)Th(w)1(w € S).
For akernel H : (Sd_l)2 — R4%d_and two sets S, T C S4-1, for g,h: S941 5 RY, we use the notation
(g, h>%T = Ew,w/NPOg(w)TH(w,w’)h(w')l(w eS,w' eT).

IfS=TorS =T = S%"!, we will abbreviate and use the notation (g, h)?%, or (g, h)y respectively. If
the functions g, h are only defined on [m] (or respectively on supp(py®)), then in all the inner products /
quadradic forms above, the default distribution should be taken to be Uniform([m]) (resp. pi*) instead of

Po-
We will use V®o(t) (resp. VU(t), Vou(t), VUo(t).) to denote the map on [m] (resp. supp(pg'))

which takes 7 (or w;) to mV a,(;®(t). We have rescaled these derivative so that this term is on order 1, so
we can take inner products in our notation more easily.

For a set B C S?"1, we will use the shorthand B! := ¢ 1(B) to denote the set of all w € S¥! with
&(w) € B, and B to denote the complement of B in S,
D.2 Proof of Lemmas on the properties of the potential

D.2.1 Restricted Isometry and Related Group Theoretic Definitions and Lemmas

Definition 22. We say a problem (H, 1) has consistent restricted isometry (CRI) with a set S if for any
eigenfunction v of (H, 1), (that is, where (u,v) g = Ay (u,v) for all u : S*™™' — R?), we have that for all
w € S¥1, we have

By H (w, w)o(w)1(w' € S) = Ao(w)Pyrrp [’ € S].
In other words, for any u : S*1 — R,
<u7 U>% = A’U<u7 ’U>SPP0 [8]7

Definition 23. The automorphism group G of a problem (p*, Dy, po) is the set group of rotations g on S¥!
where for any A C S41:

We say that a problem (p*, Dy, po) is transitive if for any w*, w*' € supp(p*), there exists some g in the
automorphism group G such that g(w*) = w*'.

Lemma 24. Suppose 11 holds. For any time t, for all g € G in the automorphism group of (p*, po, Dx), we
have

Al If&(w) € A, then &(g(w)) € g(A)
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St geg,

A2 Almost surely over w ~ po, £°(w) = argmin, cqupp(p

if £(w) € A, then £ (g(w)) € g(A). Further, {3 po =
A3 ¢(B,) = B..

Proof. We will prove the first item by induction. It suffices to prove the following claim, because if the
velocity is symmetric, then pMF will be symmetric.

Claim 25. Conditional on A1 holding up to time t, we have

f&( ) = V(w,p}'") = g7 (V(g(w), pi'"))
Proof.

V(w, pMF) = —(I — ww?)V, Fp(w) + (I — ww?)V,E,, ~pye K (w, w "

—(I — ww)Eyup, f*(z)o’ (Wl z)z + (I — ww?)E,, ~pF Bz, o(wTz)o' (whz)x

Now

PiE,, ~pMFEz D, o(wTz)o' (wlz)x

= PyE, . B, o(g(w) g(x))o’ (9(w)" g(x))z
= PyE, . B, o(g(w) )0’ (g(w) 2)g~! (z)
= PyE, ywEp,o(w”z)o (g(w) )g™" (z)

= (97 (2) —ww' g7 () By Eonp, o (w )0’ (g
= (97 (2) — wg(w) 2)E,, i Eyp, o (w0 2)o’ (g(w) z)
=g 'z — g(w)g(w) B, B, o (W )0’ (g(w) z)
= 57 (Pt Vot Burmppr Kp(g(w), ) ).
Here (1) is because 27y = 27 UL Uy for any rotation U and any y, z € R? (2) is because D, is invariant with

respect to G, (3) is because p%dF is invariant with respect to G (by induction), (5) again because of the same
reason as (1), and (4), (6) and (7) are simple algebraic operations. Similarly, we can show that

PyE,p, f*(2)0' (w'z)z = Epup, f*(z)0’ (0 z) Py
= Epp, [* (@)’ (w"2) g™ (Pyi,))9(2)
= Eynp, [ (x)0’ (g(w ) g9(x))g~ (P, (w)g(x )

)

= Eyp, Eprnpro(w” )0' (g(w)" g(2))g™" (Pyy9())
(w* g~ (2))o’ (g(w)" 2)g™ Py )
= Ewame*Np*U(g(w*)Tx)U/(g(w)Tx)g H(Pyiuy®)

= B, f*(2)0" (g(w) 2)g~ (Pg(w)fﬂ)

= g7} (P Folgw))).

Putting these two computations together yields the desired conclusion,

V(w, ") = g7 (V(9(w), o).

= Eszwa*Np* o\w
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Next consider A2. Observe that if w is closest to some w*, then it either is the case that {;(w*) is always
closest to w*, or at some point there is a tie in the distances & (w*) and & (w*'). By A1, such a tie would

imply however that ||w — w*|| = ||w — w*'||, which we have assumed in I1 is a measure 0 event. The rest
follows immediately from the transitivity of supp(p™*).
Finally for A3,
9(Br) = {g9(w) : w € B}
={9(w): min flw—w’]| <7}
w*Esupp(w*)

={g(w): min |g(w)—g(w)| <7}

w* Esupp(w*)
={g9(w):  min lg(w)—w"]| <7}
w* Esupp(w*)
={w: min |w—-w*| <7}
w* Esupp(w*)
= B,.

O]

Lemma 26. Suppose (p*, Dy, po) is transitive. Then (HZL, po) has consistent isometry with Bt = & (B;)
foranyt <T, T >0.

Proof. We will use a series of small claims.
Claim 27. Fix any t and 7. Let p be the distribution of £>°(w) with w ~ pg conditional on & (w) € B;.
Then

p~E OO#PO-
Proof. We will show that both p and £°°, po are uniform on the support of p*. Fix w*, w*' € supp(p*), and
let g € G be the element in the automorphism group of (p*, po, D) which takes w* to w*’. Now

[£%(w) = w* A& (w) € By
[£*(g(w)) = g(w™) A&(g(w)) € g(Br)]
[€(9(w)) = w*' A&(g(w)) € Byl
= Pu~po [€°(w) = w*' A i(w) € Byl
= p(w").
Here (1) is by definition, (2) is by A1, and A2, (3) is by choice of g and A3, and (4) is by the symmetry of

po with respect to G. It follows that p is uniform on the support of p*. Now lets check that £, p is also
uniform on supp(p*). We have by similar use of A1 and A2 that

% ppo(w) = Pumpy [€ (w) = w” A€ (w), w™[| < [[€7°(w), @*[[Va™ € supp(p®)]
= Punpo[€7(9(w)) = g(w™) A7 (9(w)), g(w™)[| < 1€ (9(w)), g(@™)[[V@™ € supp(p”)]

ﬁ(’w ) =P w~po
= Pun~pg

= Pun~pg

= Purpo[§(9(w)) = w™ A€ (g(w)), w™'|| < (|87 (g(w)), w"|[¥i0" € supp(p”)]
= Purpo[6%°(w) = w™ A|E% (w), w™'|| < [|€% (w), & ||¥id" € supp(p”)]
= foo#PO(W*/)-
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Claim 28. Let v be an eigenfunction of (H%, po), that is {(u, V)L = Ao(u,v) forall u : S — RY Then
v(w) = v/ (€% (w)) for some function v’ : supp(pMF) — S4-1.

Proof. For all w, we have
A 0(w) = oy Ha (10,0 )0 (w) = By K (€ (w), €% ()0 (€ ().
This value only depends on w through £ (w). O
We will now use the previous two claims to show consistency. Fix ¢ and 7, and let v be some eigenfunction
of (HL, po). Let v’ : supp(pMF) — S9! be the function guaranteed by the previous claim with v(w) =
v'(£€°°(w)). Then for all w,
E /o Hoo (w, w')o(w')1(w' € &1 (Br))
= Ew’NpoHoLo(w w )U(w )1(515 ’LU/) €B )
= Bupo K (67 (w), €7 (w'))0" (€ (w)) 1(&(w') € Br)
= Py [ (Br) | Bumpo K (6% (), € (w') )0 (6 ()
= Poo &5 (Br)| B Hig (w, w')v(w)
= P [ft_l(BT)])‘vv(w)7

as desired. Here the third equality follows from Claim 27. O

D.2.2 Construction of the potential.

Remark 7. We can verify that the action HL (from Section 4.1) is well-defined in Z since |[HLv||z <
SUPy, o || Has (w, w')|||[v]|2). We verify that HL is self-adjoint in Z, ie (v, H-v')z = (HLv,v')z. We
also verify that the span of Higa is finite-dimensional, thanks to the atomic nature of p*. Indeed, for each
w* € supp(p*) and | € {1,d}, let = € Z be the indicator x.,,~(w) = €1(£>(w) = w*), where ¢ is
the l-th canonical basis vector. We verify that if v L W := span(x~1; w* € supp(p*),l € {1,d}), then
f;v = 0.

The following lemma implies Lemma 9. Recall that C,» = min(\supp(p*)\,dim(p*)Qdegree(”) .

Lemma 29. Suppose Assumption 12 holds. Then for any p, there exists an balanced spectral distribution Q
of (HL, i) which is 2C)" balanced. If 11 additionally holds, then there exists an balanced

minw* Esupp(p*) Pf;?# [w*}
spectral distribution Q of (HZ, po) which is 2C ,+-balanced.

Proof. [Proof of Lemma 29 ] We will show that the linear operator induced by (HZ, 1) has an WED Q
which is balanced for some constant depending on p*.

Claim 30. We can write
Hig(w,w') = Mi(§°(w), € (w))UUT + Ma (€% (w), £ (w')),
where for w*, w*' € supp(p*),
My (w*,w*) := Bypy o’ (xF w*)o! (T w*)
My(w*,w*') := Eyupy o’ (zw*)o’ (aTw*") P axa® PL,

Further, both My and Mo have rank at most Cpx = min(\supp(p*)|,dim(p*)Qdegree(U)“).
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Proof. Let V be the orthonormal basis spanning supp(p*), and let U be any orthonormal basis of R \
span (V). Recall that Assumption I2 guarantees that the distribution of x, D,, can be factorized as Dy @ Dy,
where span(Dy) € span(U), span(Dy) € span(V), Eyup, vz’ = UUT, and E,p, z = 0.
Recall that H (w,w') = Epup, o’ (z7€2(w))o’ (z7¢°(w'))zx?. Observe that for u,v € Span(U),
we have
u Hg(w,w')v = By, 0 (27 € (w))o (7 € (w')) (u 2) (v 2)
= E,op, o' (2762 (w))o’ (a7 €2 (w'))Bynpy,ul za’v

= E,op, o (2762 (w))o’ (2762 (w')Eynpy ul v.
If u € Span(U), v € Span(V'), then it is easy to check by the fact that E,.p, 2« = 0 that
ul Hyg(w,w')o = gy opo’ (276 (w))o' (276 (w')) (v 2v)Eay vy, (u” 27) = 0.
For w*, w*’ € supp(p*), let

My (w*, w*') := Bpup, o (xTw*) o’ (xTw*)

T
My(w*, w*') := Bynpy o (T w*)o’ (a7 w*") P wa™ P,
such that by the above computations,
H: (w, ) = M (6% (w), € (/) UU” + M (6 (w), € (w')).

The statement about the rank follows from the observations that (1) both AM; and M are defined on a
space of size at most |supp(p*)|, and (2) Alternatively, we can replace the expectation of z ~ Dy with
the expectation over some x ~ Dj,, where Dj, is supported on at most dim(V)Qdegree(” )*+1 points, and all
the moments of Dy, up to the degree(o)th degree match those of Dy (as this requires matching at most

Z?iggree(ﬂ) dim(v)j < dim(V)2 degree(o) +1 terms.) ]

We will construct Q using the eigenfunctions of each of these two parts. Let F C L2(supp(p*), (%) xu, R?)
be an orthonormal basis of eigenfunctions of the linear operator (M, (£°°) ), that is, we have

D Apf ) fw)! = My(w*, w*)

fer
By (eoe) M (W™, w™) f(w™) = Ap f(w"),

Let Y C L%(supp(p*), (€°)xu) be an orthonormal basis of eigenfunctions of the linear operator
(M7, (€%°)4p), that is, we have

D Agy(wh)y(w*) = My (w*, w)
yey

Ew*/w(gm)#uMl(w*,w*’)y(w*/) = Ayy(w®)
Let A = A U Ay, where
Ao:={Af:feF} M ={\:yel}]

The following claim is immediate to check from the decomposition of H in Claim 30.
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Claim 31. Let P, be the projector onto the eigenspace of HL: with eigenvalue \. Then Py = P, where

= > FER)FE @)L, = A) + UUT Y y(€(w))y(€ (') 1(Ay = X)

feF yey
=) w(wp(w),
vEB)
where
={vf s Ap = Abper U {o%" Ay = Ayey,
and

v (w) = f(E7(w));
v (w) = y (€ (w))U;

It remains to check how balanced this spectral decomposition is. Let p := min«csupp(p*) P&;ﬁ plw],

and observe that max,, rer ey (|| f(w)]], |y(w)]) < %, since the eigenfunctions are orthonormal. Fix
A € A. We have
dim(U)
> v(wyv(w)” =Y ol (w)(vf (w))"1 )Y Y W) (w)1(Ay = A)
vEBN feF yey i=1
=D FEX ) (FE® )10y = A) + ) (6 (w)y(E* (w)UT LA, = )
feF yeY
I
< - 1A =X+ 1(\, =
=3 PR ICYESIEDY
feF yey
Thus letting

77?\:—; Zl()\f:)\)—l-Zl)\ =

feF yey

by Claim 30, we have that

Z 9 _ \.7:\ + | rank(Ml) + rank(Ms) < 2C -

AEA p p
Thus Q = {(Bx, 7)) }aea is 2o balanced. This proves the first statement in the lemma.
If (p*, po, D) is transitive (as per Definition 23), then we can get rid of the denominator and show that
almost surely over w ~ py,

S vpw)" T 10 =0+ 1 =

vEB) feF yey

This suffices to prove the lemma.
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To do this, let G be the set of automorphisms of (p*, pg, D) as per Definition 23. For h € L?(S*1, pg, RY),
define g(h) by

g(h)(w) := g~ (f(g(w))).
For convenience, for y € ), we will abuse notation and define
9(y)(w) = y(g(w)).

Claim 32 (G-invariance of Eigenspaces.). If f € F is an eigenfunction of Mo, then g( f) is an eigenfunction
of My with the same eigenvalue. Simlary, if y € Y is an eigenfunction of My, then g(y) is an eigenfunction
of My with the same eigenvalue.

Proof. We have
My(g(f)(w*) = Burre) ypo Banny o' (@7 w*)o! (a"w*) Py Prvg™ (f(g(w™")))
= Eyrn(e20) y po By 0 (2T w*) o’ (2T w*) g™ (Pj(w*)g(x» zlg™! (ijw)f (g(w*')))
= Eyern(g20) 4 po By 0 (9(2) g (w*)) 0" (9(2) T g(w*"))g ™! <ij*)g(:ﬂ))g($)TPj(ww)f (g(w*))
— Eyern (), po By o (2 g (w*))o (27w )g —1(P » )x> 2T PL, f(w*)

(
=g (E“’*/N@”)#POEUUNDVUl(ﬂng(W*))U/(fETw*/)PgL( ©TT Pqi*/f(w*/»

g (M2 f(g(w")))
g (A\rflg(w™)))
= Afg(f)(w*)

Here in the second line with used the fact that for any w and z, we have

(I —wwl)z=2z—-wwlz=2—wg(w)g(z)=g! ((I - g(w)g(w)T)g(z))

If the third line, we just used that for z, 2’ € R?, we have 272 = ()" g(2). In the fourth line, we used the
symmetry of D, and (£°°)4po with respect to G (see A2). The proof for that M;g(y)(w*) = A\yg(y)(w*)
is similar (but simpler); we omit the computation. O

Let p1g the uniform measure over the group generated by the set of all g, ,« € G for w*, w* €
supp(p*), where gy« o+ (W*) = w*'. Observe that pg a left-invariant measure on G, that is, for any w* €
supp(p*), we have that the distribution of g(w*) is uniform on p* when g ~ pg (that is, it equals p*, since
p* is atomic). Also note that for g € supp(ug) and v € span(V'), we have that g(v) € span(V'). Thus
for u € span(U), we have g(u) € span(U), and thus in particular, since g preserves dot products, and thus
orthonormality,

g HUg H )T =UuUt. (D.1)

Claim 33. Let g € supp(ug), and define g(By) := {g(v)}ven,. Then g(By) is an orthonormal basis for
Ph.

Proof. First we will check that almost surely over w, w’,

> Argh)()g() @)+ Ayg(v¥h) (w)g () (w')T = Hyg(w,w'). (D.2)
feF yey
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Using the definition of g(f) and A2, almost surely over w, w’, we have for z, 2’ € Sa-1

1Y Mg (w)gh )W) = 2T Apg (€2 (g(w)gH (FE2 (g(w)T)2 (D.3)
fer feFr
=213 A (F (€ (w))))g ™ (Flg(€® (w))T) 2
feF
=" Apg(2)" F (g€ (W) F (g€ (w))) g (")
feF

= g(2)" Ma(g(6>(w)), (& ( 0)Tg(2)
= 21 Ma(€%(w), € (w'))" 2

where here in the last line, we used the fact that
2T My(w*, w*) T2 = g(2)" Ma(g(w*), g(w*')) g(2)

forany g € G, w*, w*’. This can verified from the definition of M5 and the fact that D, is invariant with
respect to G.
We can perform a similar (much easier) calculation to show that

D AgW)EX())g(y) (€ (w') = Mi (£ (w), £ (w));

yeyY

this arises from the fact that M; (w*, w*') = M;(g(w*), g(w*')) since D, is invariant with respect to G. We
omit the details. Thus by (D.1),

D A9 (w)g (08 ()T = M (€% (w), €2 (w))g~ (U)g~H(U)T (D.4)

yey
= My (£°(w), £ (w"))UUT.

Employing (D.4) and (D.3) yields (D.2) almost surely as desired.

Now, to prove the claim, we use (1) the fact from Claim 32 guarantees that g(v) is an eigenfunction
with the same values as v, and (2) the fact that the set {g(v)},eB, is orthonormal (since dot products are
preserved under rotations). These two facts guarantee that g(15,) is a basis for P,. ]

The following claim now suffices to prove the lemma.

Claim 34. Forany w € SL we have

Z v(w)v(w)t < T Z Af =X+ Z

vEB) feF yey

Proof. Fix any w € S?1, and let w* = ¢®(w). For z € RY, let 7, € L%(S97!, po, R?) be defined by
(W) = 21(£*°(w’) = w*). Then since for v € By, we have v(w) = v(w') if £°(w) = £>°(w'), it
follows that

Pym,, 7, 12—
2T Py (w,w)z = UEZBA Zo(w)v(w)l z = (]P)w’w<p0 [200_1(30*)])2 = |supp(p*)|*(Py7., m.).
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To see the last equality, observe that p* = £3°po by A2.
Now recall that by Claim 33, for any A € A and g € supp(ug), we have that {g(v) },eB, is a basis for
Py = P, and thus

2T Py(w, w)z = |supp(p*)[>(Pamrs, 72) (D.5)
= ]supp(p*)\QzTEgNug Z Ew’,w”Npov(w)”(w/)Tl(foo(w/)7foo(w”) =w")z

veg(By)

=2 Bgoug | D, g P (Flaw ) T2+ D Julgwn)Pg™ @)g T (U)T |2

FEFIAs=A YEF | Ay=A
Now for any f € F,
Egnpgg ™ (f(9(w))) g™ (f(g(w)))T = Byl f (g(w) (D.6)
= Eyrnpe |1 f ()P
=1

Here the second to last inequality holds because we have defined pig to be a left-invariant measure on G that
induces a uniform measure on supp(p*). The last equation holds by the fact that p* = £5 po (see A2) and

since f is part of an orthonormal basis, we must have Eu+~exep, |f(w*)||?> = 1. Likewise, for y € ), using
(D.D),
Egrpg(9() (") ?g ™ (U)gHU)" = Egnpgly(g(w) PUUT (D.7)
_ ]Ew*’rvp* y(’w*/)‘QUUT
=UU”.

Combining Equations (D.6) and (D.7) with (D.5) yields that

Pa(w,w) 2T D 10 =X +> 10, =X |,

feF yey

as desired. O]

D.2.3 Properties of Potential
To prove our key lemmas 10, 11, 12, we will need several preliminary lemmas.

Lemma 35. Suppose the high probability event in Lemma 19 holds for S = B, and v € L*(S1, pg, R%)
which is an eigenfunction of HL. Suppose (HL, po) has the CRI with respect to B := & '(B;). Then
with ||V s := supw € ST |v(w)||, we have

t
(Vou (1), D)y = Boue[Brlhodo(t) + El[ol oo,
where

€ < enmBil| A (i) || + Eil Ae()[1(€x(ws) ¢ Br)-
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Proof. First observe that
Vo, = vsign((v, Ay)),
and thus
Bt . Bt
(Vou(t), A)E: = sign((v, A)) (v, A,
Now by the conclusion of the concentration Lemma 19, we have
t
(v, A»ﬁ;@ = B X (1) A1) 1(& (wi) € Br) & [|0]locer Eil| Ae(3)]|-

where X (i) = EypyHos (w;, w')v(w')1(&(w') € B;) Now since v is an eigenfunction of Hx, by the
definition of consistent isometry, we have that

X (i) = Ao (w;)P e[ By,

Thus
t
(0, 8005, = Mo{0, D) B e [B] = €1 [0l oo i Ay ().
Now
sign((v, A) (v, Ag) 7 = sign((v, A) (v, Ar) + Bil| Ay(0) [ 1(&(wi) ¢ Br)
= do(t) £ Eil[ A () [ 1(&(wi) ¢ Br).
Plugging this back in yields the lemma. O

Now we prove Lemma 10, which we restate here.

Lemma 36 (Descent with Respect to Interaction Term). Let ®o(t) be as defined above, where Q is a Cj,-
balanced spectral decomposition of Hy,. Then for any T > 0 for which the concentration event of Lemma 19
holds for S = B, we have

(Vo(t), —HAy) < (1+ Co)Eil|E; H (i, )|[1(6(wy) & By) + Exo,
where €10 = Ociy 0, (Bl Ad(0)II1(& (wy) ¢ By) + (7 + Crel)Q())

Proof. Let BL := & (B, ), and let B! be the complement in S*~! of BL. We decompose

t t t Bt Rt gd—1
(V1) Ay = (VEo(E), Ar) ™ + (VB(D), Ay + (Vo). Ay™ . (D)

Lets start with the first term (V® (1), At)ia’B - (Voo(t), AQE&. Bounding this term is the key part of
t t

the lemma.

Claim 37.

(VOo(1), A > ~(Crg + DEAL(E(wr) ¢ Br) — CoeldQt) + [(V(0), G,

where ;|G (7)|| < ChregTQU(1).
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Proof. We have
(V0o (t), Ar)gs = (Voo (1) Ad)i, + (VOa(t), G, (D9)

where ||G(7)|| < CreeTE;||A¢(7) (€°(w), &> (w")) — K'(&(w), &(w'))]] < Cregr. This relies
on the fact that from the proof of A2, almost surely ||&;(w) — £ (w)|| < 7, because [|§(w) — £ (w)|| <
min (w) — w*|| < 7. Now we will break up ® into the ¥ and € parts. Starting with the

w Esupp
W o part, we have

S oen, Go(0) (Vou(t), AEn

(VUo(t), At =Yy = (D.10)
ol &, =3 e, (0ul)?
> veny Po(t) (Abu(B)P yr [Br] + &y
=> m o ( P )
AEA > veB, (Pu(t))?

bo(t)Ey
=P we[B:]S m| A by (t) 2 vety
N (YT

> P (B S |3 (0u0)2 - €.
AEA vEB)

where we used Cauchy-Schwartz in the last inequality, the fact that >, 7y = 1, and ||&|| < &, the error
term appearing in Lemma 35.

Next consider the (VQ(t), At)ga part. Recall from the definition of WED that Hy_ (w, w') = Y, c o Awv(w)v(w’ )T

Let u; := V;Q(t) = IIQIE g” We can expand

t Qd—1
UGN g

,:,ZAU v(w;)v(w;)T Ap(§)1(w; € BY)
vEQ

= |E; Z )\Uu v(w;)1(i € Bt)(EjU(wj)TAt(j))‘
veEQ
< 3 Mo OBl v(wn)1( € BL)

veEQ

(D.11)

Now fix i. For any vector u € S?~1, since @ = {(Bx, 7)) }xex is Cp-balanced, we have

Y A" v(wi)[ =Y A D o) u"v(w;)]

veEQ AEA  weEB)
<A (0u)? \/ 3 uu(w,)?
AEA vEB) vEB)

=3 A D (¢u(®)? [T ( > v(wi)v(wi)T) u

AEA vEB) vEB)

< omA D (6u(1)%
AEA vEB)
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Here the final inequality follows from the definition of a WED , which states that for any w € S 1,
> weny V(w)v(w )T < n3I. Thus plugging this back into to Equation (D.11), we have

(V) A ™ S BB Y ma |3 (00
AEA vEB)

Now letting H; = H (w;, w;)E;A(5)1(w; ¢ BL), we have

(V). A0)37, — (V). Ao ™| < (TR0, )| < CregBall Acli) [ 164 (ws) ¢ Br),

\<Vﬂ<) AN | S PIBIY mA |37 (60()2 + CregBal A (i) [ 1(E0(wy) & Br).  (D.12)
AEA vEB)

Now recall that ®o(t) := Q(t) + VU o(t). Thus combining Equations (D.12) and (D.10), and Equation (D.9),
and plugging in the bound on £ from Lemma 35, we have

and thus

(VB (), )1y, > —(Crog + DB A& (i) ¢ By) — Coeldt) + (VB (1), G,

where [E;||G;|| < CreeQ(t). Here we have also used the fact that for all v in the WED Q, we have that
lv]|oo < V/Cb < Cp (this is evident from the definition of WED ). This proves the claim. O

Next consider the second term (V® (1), At> ~ 5% in Equation (D.8). We have

(Vo(t), Ar)yi | = (VOo(t), H), (D.13)
where [|[H (i)]| < Creglil| As(2) | 1(&¢(wi) ¢ Br).
Rt Qd—1
Finally, for the third term (V®(t), Ay BQ’S in Equation (D.8), we have just write
Q H;
(Voo(), Ay = (Voo (t), me) ™, (D.14)

where we recall that my (i) = E; H;- (i, j) A (5).
Combining Equations (D.13), (D.14) and Claim 37 into Equation D.8, we obtain that
(Y1), A prs > —(Creg + DEJ AD)]IL(Ex(ws) & Br) — Coeldt) + (VDo (t). G + H +my)],

where E;[[G/(6) + H(0)|| < Creg(rQ(t) + Eil| A(0)|1(&(wi) ¢ Br).

Now we use Lemma 12 to bound

(V@o(t), G+ H +my)| <Ei||G(i) + H (i) + ma(2) [ (1 + Co)
< (Creg (1) + B A (0)[[1(&(ws) ¢ Br)) + Eillma (i)} (1 + Cb).

Plugging this back in to the equation above yields

(VOq(t), Ar)pr = —(1+ Co)Ei[[mu(2) ]| — &0,
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where

€10 = (Creg(2 + Cb) + DEi]| A(0) [ 1(€e(wi) ¢ Br) + (Coey + (1 + Cb)CregT)A(t)
= 0y, ([Eil| Ae(0) | 1(& (wi) ¢ Br) + (7 + Coeyy ) Q(1)).

This proves the lemma. O

Now we prove Lemma 11, which we restate here.
Lemma 38 (Descent with Respect to Local Term). Suppose Assumption 4 holds with (Cysc, 7). Let Q be a
Cy-balanced spectral distribution. Then with C11 = Oc,, c,(1), we have

(VOo(t), Df ® Ay) < —<CLD2(ptMF) - 0117>‘I’Q(t) + CEi| A (0)11(&(wi) ¢ Br) + CoBal A (i) |-

Proof. Let § := \/Lp(pMF). We will show that
(VQ(t), Dit © Ag) < —(Cuscd)t) + 2CregEil| A (3)[|1(Ee(wi) & Br),

and that

§+2
VUo(t), D" © Ay < —(Crscd)Wolt) + Crscd + 2ChCreeT ) (D.15)
Q t Q 9

2CoCregBi| Ae(0)[|1(&(wi) & Br) + ColEil| A ().

The first statement is straightforward. Since V,;Q(t) = %, we have
1 A ()T D (1) A (d)
WAL DO A = ETTR G)
_ o AT DR (1) A(i) , Ad(i)" Dy (1) Av(i) ,
SR A ) S BT E TS G el £ 50
< —CuscOBil|A(0)|[1(&(wi) € Br) + Eil| Di () Ae(0) | 1(&(wi) ¢ B-)
< —CrscOBi [ A (@[] + 2CregEi | Au (D)1 (& (wi) & Br),

as desired.
For the second statement, write

D (i) = D§*(i) + Dp™(i),
where
DE(i) = —e1 P 4y (VVT) Peso ) — c2(UUT).

By the structured condition in Assumption 4, we can write such a decomposition where ¢y, co > Cpgcd, and

for any 4 such that & (w;) € B,, we have || DP4(i)| < 20\7%,‘2 + CregT. Note that this decomposition still

holds for i where &, (w;) ¢ B, but || D?*(i)|| can be as large as 2Cje.

Claim 39.
(Vo(t), D5 & Ay) < —Clscddu(t) + (Vo (1), GY,
where || G(i)|| < 7I|A¢(8)]] 4+ 0.5]| A ()12 + | A (4)]|1(&e(w;i) ¢ Br).;
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Proof.

Now recall that in the construction for Q given in Lemma 29, for any v € supp(Q), it holds that either
v(w) € span(U) for all w € S1, or v(w) € span(V) for all w € S¥~1. We consider the two cases
separately. First suppose v(w) € span(U) for all w € S !, Fix w; with & (w;) € B,. For any w, we have

o(@)T D (1) Au() = —eav(w) T Au(i),
and thus the desired conclusion holds. Now suppose v(w) € span(V'). Note that V commutes with Pjoo (w5)"
Thus any w, we have
v(w)T DE (i) A(i) = —c1v(w) Peso ) At (4).

Now for ¢ with {(w) € B;, we have ||{(w) — £>°(w)|| < 7 (see the proof of A2), and thus, since
additionally |Ay(7)&(w)] < M (see (B.2) in the proof of Lemma ??), we have that
v(w) " DE () Ay (i) = —10(w) Peso ) At (i)

= —c10(w)A(i) + O(rllu(w)]| + [|A: () |%).
Thus in conclusion, we have that

(Véu(t), DI @ Ay) < —e2d¢u(t) + (Vopu(t), G),

where |G (7)| < 7||A(@)]| 4+ 0.5 A (i) ||* + || A7) |¥ (& (w;) ¢ B;). This proves the claim. O
Thus with G as in the claim,

Sven, Go(t)(Vou(t), DE™ © Ay)
Z X
Aer Sven, (Go(t))?
ZveBA _CLsc5(¢v (t))2
<
2 > o (e ()

= —Ciscd D m, | D (du(1))?

A€EA vEB)
- _CLSC(S@Q([J;)

(VUo(t), D o A, — G) <

It follows that from the proof of Lemma 12 (see Equation (D.16)) we have
[(VWo(t), DfOOd OA —G)| < C’b(TQ(t) + 0.5]Ei”At(i)||2 +Ei||A¢ ()] 1(&(wy) ¢ BT))
Similarly, we have that

(VTo(t), D™ © Ag) = (VUo(t), D™ © Ag) g + (VUo(t), D™ © Ar)

< Go( 520 + Coat Bl A(D)] + Co(2Crp) B A 16 w3) ¢ B,

and so
CLSC6 + 2Cbcreg7'
2

(VEo(t), D © Ay) < —Crsedolt) + ( sz(t)) T 3ChCregall A (0) [1(64 () & B).

This yields (D.15), which proves the lemma.

We now prove Lemma 12, which we restate here.
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Lemma 40 (L1 Perturbation Lemma). Let Q be a Cy-balanced spectral distribution. Let G : [m] — RY.
Then |(V@g(t), G)| < (14 Cp)E4l|G(0)]]-

(t) = R () which

Proof. [Proof of Lemma 12] First observe that (V®o(t), G) < E;||G(7)], IEGIE

has norm 1. Now for any v € supp(Q), we have

[(Vu(t), G)| < Eil G (i) v(w)),

and so

¢ (1) [(Vy(t), G)
| < UEB)\
Aze/:\ 2 ves, (Bu(1))?

T Tos, 6uIGH o(w))
AGZA"A S o (G01))?

v veby G
. Zm@%m P/ Ces, 1G0T 0(wi)
= >, (Bu(t))?

[(V¥o(t) (D.16)

=Ei [ Y _m [GOT| D v(wi)o(w)T | G(i)

AEA vEB)

<E Y nIGO)| = GEIGG)].
AEA

Here in the third inequality, we used Cauchy-Schwartz. It follows that
[(V@o(t),G)| < (VQ), G)[ +[(V¥o(t), G)| < (1 + G)Ei[|[G(3)]],

as desired.

D.3 Dynamics of the potential

Before proving our main theorem on the dynamics of the potential, we need the following lemma, which
gathers all the required concentration events.

Lemma 41. Fix some 6. With high probability as d, m,n — oo, the events in all concentration lemmas
(Lemma 17,Lemma 21, Lemma 18 and Lemma 19) hold, where we apply Lemma 18 and Lemma 19 for

S = B forall
CLSC . rd(e) }
€S~ )
4 {8(C1o+C11) e€[5,1]

where rd(z) is a rounding of z to its first non-zero decimal, in binary (so rd(z) € [z/2,z]). We also apply
Lemma 19 for all eigenfunctions v in the WED Q.
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Proof. The set {S(C%fc)‘n) }66[5’1] has size at most Oc,,c;, (logy(1/6)), so we can take a union bound over

the result in Lemma 18 for all B;. Similarly, since there are O(dC,~) eigenfunctions in Q (see the proof
of Lemma 29), we take a union bound of Lemma 19 over all these eigenfunctions. (Note that the “with
high probability” is explicitly o(1/d) there). The rest follows immediately from the three concentration
lemmas. [

For the remainder of the text, we assume the following assumptions hold up to time 7" (if relevant):
Assumptions 1,2,4,5. Let (Crsc,7) denote the parameters of the local strong convexity (we will use the
parameter 7 differently later). We also assume that Q is a Cy-balanced WED , where by Lemma 9, we have
that C, = C o -

Theorem 3 (Main Potential Dynamics Theorem). Let § := +/Lp(pMF), and let C be a constant depending
on Cysc, 7,0 and Cy. Then with high probability over the draw p', for allt < T, Condition on the event that
the high probability event in Lemma 41 holds for 6. Let €y, 1, := €, + elT 4 el® 1+ el9 from the concentration
lemmas. Suppose n and m are large enough such that J, T3 (e, + €,) < 1/C. Suppose that

¢
J,%mx </ <I>Q(s)2ds> < €nm.
s=0

and J2, t*enm < g Then for some C = Oc,, c,(1) and T = Qc,,, ¢, (8), we have

t

Po(t) + Cang(T) / Oo(s)ds + CJmaxten,m.
s=0

d CLSC(S
— < —
g 2elt) = ——¢

Corollary 42 (Solution to Potential Dynamics). Suppose that for some T = Qc,,, ¢, (0),

AT C?T? exp(20 Jayg (7)1 / (Crscd)) pm < 1.

max

Then for some C = Oc,, c, (1) we have
@Q(T) S eXp(CTJavg(T)/(OLsc(S))CJmaxTen,m.

Proof. We will use real induction (see eg. [Clal2, Theorem 2]). Our inductive hypothesis will be that for

some t,
¢ 1
‘]Iglax </ (I)Q(S)2ds) < 5€n,m-
s=0 2

Note that is implies the assumption in Equation 3. Clearly this holds for ¢ = 0. Since ®o(s) is continuous,
if Equation 3 holds for all s < t, it also holds for ¢. This is the continuity assumption. Finally, for the
inductive step, we will show that if Equation 3 holds for some s, then for some ¢ small enough, it holds at
s + . To show this, first we use Lemma 44 (which bounds the solution of the ODE given in Theorem 3), to
show that for all s’ < s,

Po(s) < exp(Cs/Javg(T)/(CLSC5))C'SJmax6n,m +enm < (exp(CsJavg(T)/(CLSC(S))CstaX)en,m.
Note that ® o (¢) is continuous. Thus for ¢ small enough, we have ®o(t) < Pg(s)+€p m forallt € [s, s+

It follows that for ¢ small enough,

exp(2C5.Tug (7)/(Crscd))ds + / (®o(s) + enm)2ds’

s'=s

S

/: (®o(s'))?ds’ < <C“ma"€"”")2/

'=0 s'=0
< 2(C’tJmax6n,m)2t exp(2C Javg (7)t/(CLscd))
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Now using the assumption in the corollary that

4T O3 exp(2C Jaye ()t / (Crscd) ) énm < 1,

it follows that [ (o (s))2ds < S

2JT%121X ’
This proves the inductive step. Thus by real induction, the hypothesis holds up to time 7'. The result of
the lemma then holds by applying Lemma 44 to the result of Theorem 3 at time 7. O

Proof. [Proof of Theorem 3] Recall from Lemma 5 that

d , , , o ,
(1) = Dy (A1) — B Hit (i, 1) An(5) + €1,

where
lerill < 2€nm + 2Creg (18¢(D)]1% + Eyl| A (5)1%)-

Now we have

Sdolt) < (VRa(t), LA

= —(VOq(t), Hi- Ay) + (VOg(t), D © Ay) + (VOg(t), E),

where £(i) = €; ;. We will consider the terms in order. Let

CLSC . rd((s)
8(010 + 011)’

where rd(z) is a rounding of z to its first non-zero decimal, in binary (so rd(z) € [2/2, 2z]).
Now by Lemma 10, we have

—(V@q(t), Hi &) = —(Vo(t), Ar) o < (1+ Cp)Eillme(0) | 1(&e(wi) ¢ Br) + o,
where my (i) = E;jHi- (i, j) A¢(j), and
€10 = Cro(Bi|| Ac(0)[[1(&(wi) ¢ Br) + (7 + Coe)2U))-

Next by Lemma 11, we have

C'LSC(S

(V@o(t). Di © Ay) < —( - Tcn)%(w T ONE|A) 16 (ws) & Br) + CoEsl| A0

Putting these together, and employing Lemma 12, yields

%%(t) < (—Cj‘:‘s)%(t) (D.17)
+ (Cro + C11)Eil[A(d) [|1(&(wi) ¢ B-)
+ (1 + Co)E;|[me () [|1(&(wi) & Br)

+ (1 + QCb)Ez’HEt,iH7

where here we used that 7 was chosen such that (C11+C10) (T+Cpel?) < C%C‘S, and trivially, Q(t) < ®o(t).
We also bounded E;||A.(7)|| by E;||e;
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Now let us consider the term E; ||my(7)[|1(&(w;) ¢ B;). Using Lemma 20, we have
Bil[me (i) [1(&¢(wi) € Br) < (14 Cb)(€nm + Jave(7)) Lo (t).

Now let use consider the term E;||A;(7)]|1(&:(w;) ¢ B;). Recall from Equation (2.2) that

Ali) = — / t Ju.s(i)yms(i)ds + / t Ji.s(i)€s qds.

=0 s=0

Thus by Lemma 20, we have
t
B A0 16u(wi) ¢ Br) < (14 Co)enm + Jug) [ Bals)ds
s=0

t
T / Ei| Ty ()ew il 1(6 (wi) ¢ B, )ds.
s=0

Plugging this back into Equation (D.17) yields

d Cloct t
%@Q(t) < — L;C o (t) + (Cro + 4/ ChCreg) (1 + Cb) (€n,m + Javg(f))/ o (s)ds
s=0
t
(14 Co)Eillewill + (1 + Co)(Cro + 41/CoCheq) / Eil| .o (i)€s illds
s=0
t
< = C o) + Cg(r) [ @ols)ds
s=0

t
1+ CoBilerd +C [ Bl uenslds,
s=0

where C' = Oc,,.c;,(1). Let us simplify the error terms. Appealing to Lemma 43, we have for all 4,
|A:(0)]2 < denm and By = [ |15 (i)€s ]| ds < 8Tmaxten,m.
Thus

Ez’HGt,iH < 2€n,m + 4CregEiHAt(i>H2 < 180reg€n,m7

and

t
/ Eill oo (i)€sillds = EsFys < 8mactenm-
s=0

Thus plugging this back into the bound on the dynamics, we have

Lap(r) <~

t
g Po(t) + CJayg / Do(s)ds + CJmaxten,mds,
s=0

where C = O¢,,.c, (1). -

Lemma 43 (Inductive Squared Error Bound.). Suppose Assumption 2 hold with value J,,,.. Suppose for all

t' < t, we have
t/
J2 . / Do(s)?ds | < enm-
s=0
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and J,?mxt%mm < 6L4' Then for all i and t' < t, we have
1Ay (D)7 < 4€nm

t
Et,i = / HJt,s(i)es,i”ds < 8Jmaxt€n,ma
s=0

where € ; is defined in Lemma 5.

Proof. It suffices to prove the statement just for the final time ¢, because we could always apply the lemma
with a smaller value of £.
Recall that

€s,i < 2€n,m + 2Creg(HAt(i)”2 + E]HAt(J)H2)

Since
Eillerill < 2€nm + 4Ckegsl| A (3)1%,

by Equation 2.2, we have

IMMNS/OkMWm@+%ﬁ%

t t
g/H#MWMMﬂ+/ | Jea(i)esads]

=0 s=0

t
= [ e G| + e

s=0
t t
< /!MAW%S/‘Mm®P%+EJ
s=0 s=0
t
S%mt/IWMW@+E¢
s=0

t
< Jmax / (I)Q(S)2ds + Et,i
s=0

< v/ Enm + Et,i7

Here in the second last inequality, we used the fact that ||m(i)|| < ®o(s) for any ¢, and in the last line, we
used assumption of the lemma. Note that this same calculation holds for all s < ¢, so we have

1A < Venm + Eti-

Now lets bound Ej ;:

t t
Ei;:= / ”Jt,s(i)es,iuds < / [ Jt,s (4)| <2€n,m + 4Ceq Hl]aX ”AS(j>H2>dS
s=0 s=0
t
< Jimax / (26n7m + max(26n,m + 2Et2j)> ds,
s=0 J 7

where in the second line, we plugged in the bound on A (7).
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Thus letting E; := max; Ey ;, we have
Ey < 2Jmaxt (26n,m + E})

Now assuming the discriminant 1 — 32.J2,,t%¢,,.m > 0, this equation has two sets of disjoint solutions, one
small (including 0) and one large:

1—/1— 32J§mt2en,m]

L+ /1= 3202, t%nm

F e | — ,
A At

4 Jmaxt

Note that since at time ¢ = 0, we have E; = 0, and FE} is continuous, it must be that if the discriminant
is positive up to time ¢, the solution is always in the first set. Indeed, since an assumption of the lemma is
2 42 1
that JmaXt €n,m < [
Thus we have

J1- V1= 3202, 2€nm

E
! 4Jmaxt

< 8Jmaxt€n,m .

Plugging this back above into our bound on A(3) yields that for all i,

1A:@)]1* < denm-

Lemma 44 (ODE Analysis). Suppose we have a differential equation of the form

t
iXt < —aXi+ b/ Xsds + e.
dt s=0

with initial condition Xo = 0 and a,b > 0. Then

Xt S exp(bt/a)\/ﬁ

Proof. Let Y; solve the ODE

d t

—Y; = —aY}—i—b/ Ysds + 2e,

dt =0

with initial condition Yy = 0, and let Z; = X; — Y;. We will show that Z; never goes above 0.
Observe that Z; solves the differential equation

¢
iZt < —aZ; + b/ Zsds — e,
dt s=0

with initial condition Z; = 0. One can check by the real induction that Z; < 0. Indeed, if Z; < 0 for all
s < t, then we have Z; < 0. Further, since Z; is continuous, if the hypothesis Z; < 0 holds up to time s,
we can show that it holds at time s + ¢ for some ¢ > 0. Indeed, for ¢ small enough (in terms of b and ¢), for
all 7 € [s, s + 1], we have Z, < £. Thus for r € [s, s + ¢, we have d%Zr < —aZy +bu(§) — € < —aZ, for
¢ < 1. Then Gronwall’s inequality gives that Z;, < Z, < 0, which is the inductive step. This yields the
claim that Z; < 0 forall ¢t > 0.
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Now we just need to solve the differential equation for Y;. Taking a second derivative, we have
Y/ = —aY] + bY;.
A standard second order ODE analysis yields that
Y; = Cyexp(rit) + Coexp(rat),

where 7 and 7 are the roots of 22 + az — b = 0, that is,

—a+ Va2 +4b

(r1,re) = 5

Checking the initial condtitions of Yj and Y yields

Y, = <m> (exp(rit) — exp(rat)),

where 7 is the larger root. Since r; < g, we obtain the lemma. L]

E Applications to Learning a Single Index Model

E.1 Setting

We will study the setting of learning a well-specified even single index function f*(z) = o(z”w*), where
w* € ST and 0(2) = Zszk* ciHey (%), where:

1. k* >4, and ﬁ < ¢+ < Cspy maxy, cg.
2. Forall k, ¢;. > 0.
3. All k with ¢ # 0 are even. (That is, ¢ is an even function).

We assume the initial distribution pg of the neurons is uniform on S~!, and the data is drawn i.i.d from the
distribution D, which has Gaussian covariates, and subgaussian label noise: that is,

x ~N(0,1;) ~ D,
y=f"(z)+ (=),

where ((x) has mean 0 and is 1-subgaussian.
We will prove the following theorem, which we restate from Theorem 2 in the main body.

Theorem 4. Fix any ¢ small enough. Consider the setting (f*, po, Dy) described above for d large enough
(in terms of 6). Then for some t < Ok c,, (\/&lC 25k ), we have

Esp, (e () — 17(2))” < 6%

Further, suppose n,m > d*3¥" . Let D be the empirical distribution of n samples drawn from D. With high
probability over D and the initialization py', we have

Eonp, (for (x) = f*(2))* < 26%.

We will prove Theorem 2 by (1) analyzing the MF dynamics to show the convergence of pMF, and then
(2) checking the assumptions of Theorem 1 hold, and applying it to show the convergence of p}".
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Notation Define a(w) := |[wlw*|. Let v(a,t) denote the velocity of a particle w with a(w) = « in the
w* sign(w? w*) direction. Formally, we have

v(a,t) = (w*, V(w, pi'")) sign(w’ w”),

for any w with a(w) = . We will often use the notation o ~ p or @’ ~ p to denote the distribution of a(w)
with w ~ p. We use oy (w) := (& (w)). We use & ¢(w) denote the location of the particle at time ¢ which
is initialized at w at time s. In this language, we have that & (w) = & o(w). We similarly define o 4(3) to
be a(&; s(w)) for any w with o(w) = .

We will use ¢, to denote the polynomial with kth coefficient k!c3, where Y c,Hey () is the Hermite
decomposition of ¢. Similarly, we denote ¢,/(z) = f;kl*_l (b +1)(k+ 1)!2*. From the Hermite
polynomial identity that E,Hey(w” z)He; (v x) = k16, (wTv)k, we have

E.o(w!z)o(v! z) = ¢o(wlv).

E.o' (wlz)o’ (vl z) = qo (wlv).

E.2 Bounds on the Velocity and its Derivative

1.00

0.75 A

0.50 4

0.25 7

0.00 4

—0.25 ~

— Velocity V(at)

Alignment a; /
—— Top Eigenvalue of Local Hessian

_0 . ? 5 T T T T T T T T T
0 25 50 75 100 125 150 175 200

Time

—0.50 1

Figure 3: Self-Concordance Property: The top eigenvalue of the
Local Hessian is Bounded as by ka—_th(at)

The key ingredients in both the MF convergence analysis, the perturbation analysis (bounding Jp,x and
Javg), and in showing local strong convexity, is obtaining a lower bound on the particle velocity, and bounds
on the local Hessian, Dj-(w).

It turns out, it is much easier to bound these quantities under a certain inductive assumption (which in
our MF analysis we will prove holds). We define the inductive property with parameter ¢ to hold at time ¢ if

P, me[a(w) € [¢,1 — 1] <. (%)

wepy

Eventually, we will choose ¢ to be some small constant dependent on the desired final loss 9.
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Lemma 45 (Lower Bound of Velocity). Let § := \/ Eo(fpur () — f *(x))?2. Suppose () holds at time t for
L < min(@K(l),56K2). Then

U(avt) > QU’(O‘)(l - 042)(1 - Tt) - OK((l - a2)Ra)a

where Ra _ OK(L(a\/&—maX(Q,k;*_Q) + amaX(Lk**fi)\/g_Q) + a\/g_k*), and ry = E
Qg (9). In particular, if o« > %,for d large enough (in terms of 6, K), we have that

a/NptMF (a')k* =

v(,t) = gor(@)(1 = a?)(1 = 1)(1 = V).

Proof. Let us expand the velocity by expressing v(«, t) as a polynomial in terms of «. Fix w with a(w) = «
and without loss of generality assume w”w* > 0. For v’ € S? !, we denote w' = o’w* + y, where
y' € V1 — o/28%2, which we will use to denote the sphere perpendicular to w* of radius v/1 — /2. We
expand

V(w, MY w* = Eu(f*(z) — fpyp(x))a’(wTa:)xTij* (E.1)
= Eyo(w*' )0’ (whz)zT Prw* — Ew/prFEza(w’Tx)a'(wa)xTPUfw*
= (WP 0T Phw — By g (w0 ) ()T P’
= 4or(@)(1 = 0?) — By prgo (w70 ) ()T P
= g (a)(1 —a?) — Ey B, 1 amgi-2do(aa’ + yTw)(o/(1 - a?) — ayw).

Here in the fifth equality, we used the rotational symmetry of pMF about the w* axis.
Lets break down this expression. Let

Ti g = anpltvmak.

Fix a (necessarily odd) coefficient k* — 1 < k < K — 1 of the polynomial ¢,/(z) := 3 qx2*, and
consider all terms in the above equation arising from that order term:

k
k . )
ok (- a?) — 3 (J) (00, /s 2(yTw0)* (0 (1 — 02) — ay/Tw)
Jj=0

= qkak(l — ()[2)(]_ — Tt7k+1) + Ea’NpItVIFgOé,a’,ka

where

Ok((l — ()21 - a?)(avd "V 4 ak2VA ) a1 - 042)\/(3_(%1)) k>3

Sa,a’,k =
0 k=1
Note here that we have used the fact that k is even and E,/ (y"w)? = O;(((1 —a)(1 - a2)d_1)]/2),
and is O for odd j. The final error terms arises from the fact that we have only counted the terms in
the binomial expansion which could be most significant — depending on the relative size of ao’ and
V(1= a?)(1 — a/2)/+/d. Now plugging in the hypothesis (x), we have that Ea,wp%ap(a’)z(l —a?) < 2,
so for all &,

R Y R R L RS
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Summing over all odd £* — 1 < k < K — 1 yields that

K-1

v(a,t) = Z graf(1—a®)(1 —ri 1) + (1 — a®Ra (E.2)
k=k*—1

> gor(a)(1 = a?)(1 = 1¢) = (1 - a®)Ra,

where here in the inequality, we used the fact that r, = E_,_ plth(o/ > E. plt\/lF(Oé/ )8 = 1y for all
53K

k > k*. Now for o > > We have
v(a,t) > qor(a)(1 — a®)(1 —ry)
—Ox (L(l _ a2)(ak*—15—3K(kz*—2) + ak*—15—6K) . a2)ak*—15—3K(k*—2)/d>’
Since by Lemma 48, we have (1 — r;) = Q(0), it follows that
v(at) 2 gor(@) (1= a®) (1 —7¢)(1 = Vo).
O
In the following lemma, we analyze %v(a, t). As will be shown in Section E.4, bounding %v(a, t) is

useful in bounding D (w). The second part of this lemma will also be instrumental in proving local strong
convexity (Definition 4).

Lemma 46. Let § := \/Ex(fpyxs(x) — f*(x))2. Suppose (x) holds at time t for . < min (@K(l), 66K2).
Then

*

=M=ly(a,t) + &, a<1;
(Oé,t) Oéoz 1
< — 'U(a,t)—QK((S) 0(21_5[(7

T—a2
where £, := Ok (ak* + L(\/g*(k*ﬂ) n ak*_4\/&72) n \/ﬁf(ktz)).

Proof. First we compute %v(a,t). Fix a coefficient k* — 1 < k < K — 1 of the polynomial ¢,/, and
consider all terms in the the derivative of Equation (E.1) arising from that order term:

k+2
qekal! <1 — —]:oz2>

k ) .
k ' ~ 2 1
S e
jIO .7 1—al2 ] ]
_ k+2
= quak 1 (1 — kaz) (1 — 7"t7k+1) + gaJw

where gan = @k(b(\/g_(k_l) + Oékig\/g_z) =+ \/g_(k+1)), and Ttk = Ea/NpI;AF (Ck/)k.
Here we have used the same computations as in the proof of Lemma 45. Summing over all odd £* —1 <
k < K —1yields

K

d _ k+2
%v(a, t) = k;_l qekal! <1 — ka2> (I —ripr1) +Eak (E.3)

= (k* = Dgpe_1(1 — ) 2+ 0k (ak* + L(\/g_(k*_m + ak*74\/g—2) 4 \/g—(k*—2)>
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Combining Lemma 45 with the previous equation, we obtain

%U(Oz,t) = i a_ 1v(a,t) + @K<Oék* T L(\/gf(k*ﬂ) n ak*_‘l\/ﬁ*z) n \/g*(k**m)_

This yields the first case in the conclusion of the lemma.

1
For the case that o« > 1 — R 2 705 for all k£ < K, we have

We will compare the terms with coefficient g in the first line of Equation (E.3) and the first line of Equa-
tion (E.2). Let

vp(a,t) == gra® (1 — a®)(1 = rypy1),

such that Equation (E.2) gives

K-1

v(a,t) = Y vp(ast) + (1 - o®)Ra,
k=k*—1

where R, is as in Lemma 45. Thus the first line of Equation (E.3) gives

%v(a,t) _ ;(vk(a,t))a(liaz)k:<l _ ’“];22) b Ean

< 3 (vnlen ) = +
k

= (135;02[)(1;(04,75) —(1-a®)Ra) + Zga,k
k
e

(a,t) = Qg (9).

Here in the first inequality, we used the fact that all the ¢, (and hence all the g and v («v, t)) are non-negative.
In the last inequality, we have used the bounds on R, and &, 1, along with the fact from Lemma 45 that
v(a,t) = Qg ((1 — a?)6). This yields the desired conclusion.

O

A key part of both our MF convergence analysis, and the perturbation analysis is understanding the
stability of the o (w) with respect to small changes in as(w). The following lemma controls this derivative.
Define

doy s
Et,s(w) = a;ﬁm’ﬂ_ w)

Lemma 47. Suppose that for all s < t, we have \/Em(fpgxu:(x) — [*(x))2 > 6. Suppose . < min(@K(l), 56K2),

k*—2
andt < \/3L . Finally suppose (x) holds for all s < t. Then for and 7 < 1/2 and any w for which
ar(w) <1 — 7, we have

i 0] () oo (),
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Proof. Observe that /; ;(w) satisfies the differential equation

d d
&Ets(w) = (Cmt(w)v(ozt(w),t))ﬁt,s(w);
ls s(w) = 1.

From Lemma 46, we have that

2y o (e gy 2eu(®).0 "
teaw) = (- "D g Yo
d ~ v(ag(w),t)

gat(w) = WO&(’U)),

where we recall that
ga _ OK (ak* n \/g—k;* n L(\/(»i—(k:*—Z) I agk*_4)\/g—2)>

Equivalently, taking logs, we have

4 log(lus(w)) _ vlau(w)yt) . |
at k-1 att(w) * o
d _ wfau(w),

T log(at(w)) = ;Tw)-

Let us split up the time interval into (at most 3) intervals: [s, t1], [t1, 2], [t2, t], where ¢; is first moment
at which oy, > ﬁ, and oy, is the first moment at which oy, = 0.5. In the first interval, we have &, <

OK(L\/Zi(k*_m). In the second interval, by Lemma 45, we have £, < Og (ﬁ%\/&_z + v(a, t)a/é).

k*—2
For the first interval, since ¢ < */EL , we have

h ~(k*=2)
Eq dr < O (1Vd )(t1 — s) < Og(1).

r=s

For the second interval, using u-substitution, we have

to to t2
Eq,dr < Ox(v1) / v(ar,;ﬂ) dr + Ok (v(ay, r)ay./8)dr
r=t1 d r=t1 (Clr) r=ty
O v) [z 1 Gta
_ Kfif) /a ot /a . Ox(e/a)da+ 00}
-t -
Or(Vv) (1 1
- — < ,
d Qaa 204%2 < Ox(1/9)

For the third interval, observe from Lemma 45 that during the duration of this interval, 1 — «,(w) decays
exponentially with rate O (). Thus, the length of this interval is at most O (%#) , SO

t
[ oo, (1500
r=to
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Thus integrating, we obtain

log(4t,s(w)) — log (s s(w)) _ /t vy (w),t)
k*—1 r=s aT(w)

dr + Ok (log(1/7)/9).

Plugging in the integration of the differential equation for log(ay(w)) yields

log(ly,s(w)) at(w)
kE*—1 _10g<as(w)

Multiplying both sides by £* — 1 and exponentiating yields

i~ () el (1)

Lemma 48. For d large enough in terms of § = \/Ex(fpyp (x) — f*(x))?, we have

) + Ok (log(1/7)/5).

as desired.

1-— Ea,Npgle(a/)k* > QK,Crgg (5)
Proof. Observe that

Eo(f*(2))* = Eso(w* z)o(w2) = g5 (1).

By f e () f* (@) = BoBypyro (0T 2)o(w z) = By wrgo ()
Further
By (f e (2))? = E,E

wvw/prtha(wTJ:)a(w'Tx) =K, i phF o (wTw').

Now for even k, we have

E wlw')F = Ema/NptMFEg(aa’ + V(1 —a?)(1—a)20)F,

where ( is %—subgaussian. Thus by Minowski’s inequality, we have

’UJ,’LU/Np%/'F<

Uk Or(1)\"
Ew,w’NP%dF(wTw/)k < <<Ea,a’~p2’[’:(0‘a/)k) + 5% )>
< Ea’a/wp%/m(ao/)k + Of\j(gl)
2 Ok(1)
— k K
= (anpltvu:a) + \/g .

It follows that with ¢, (2) = >_, qrz", we have

Ex(fpyF(l') - f*(x))Q — Em(f*(a;))Q + Ex(fpi\’lp(l‘))2 - 2Ef*($)fpltv[l=(x)
K
= Z qk <1k + (Ea,\/plt\/IFOék>2 - 2Ea~pgﬂFak> n O@S)

k=k*
K 2 Og(1
= kz’; qr (1 — anpltvma ) + 5% )
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Now for all £ > k*, with1 — s :==r := EaNp%/[F (a)k*, using (x), we have

rEr < Ea/NPMF(O/) ,
SO
2 A\ 2 <\ 2
(1 E,. yro ) < (1 —k/k ) - (1 (1 — s)k/k )
< (1= (1 - sk/k")) = Og(s%)
So

Ok (1)
\/g )

and thus for d large enough in terms of § = \/Em(fpltm:(m) — f*(x))2, we have 1 — anpyp(a)k =
OFK Cy (0) as desired.

Eo(fyyr(2) = [*(2))? = Eo(f*(2))” = Ok 0y (1 = B e (@)®) +

O]

E.3 MF Convergence Analysis

Proposition 49 (Convergence of f M to ). Fix any 6 small enough, and let . = 5% * Ford large enough,
we have

T(6) := argmin{t : Eq(fpr(2) — Fo@)? < 8%} = OK(\/;iktz(S_(k*_l)).

We also have the following implication (which we will use for the analysis of Jyax and Jayg) for any t < T'(5)
and for any T > 0:

E muww»“*lmw0s1TNSV@*””kmﬁ<1)

wep} 0r(D)

Proof. First we need to prove by induction on ¢ that for all ¢ < T'(J), the hypothesis () holds. First observe
that it holds at time 0, because

P, gii[a(w) > o] < exp(O(d/i2)) <1

for d large enough. Suppose the hypothesis holds up to some time s. We need to show that it holds at time
s+ € for some e. First note that for e small enough, by the continuity of v(c, t) and %U(O&, t), the conclusion
of Lemma 45 and Lemma 46 still hold up to time ¢. To prove the hypothesis holds at time ¢, our approach
will be to non-constructively bound the interval of I C [0, 1] for which aig(w) ¢ I implies oy (w) & [¢, 1—1].
We will use the following claim.

Claim 50. Suppose (x) holds up to time t. For any 7 < 1/2 and v < 1_TT we have

Py a(w) € [v,1 —7]] < 7,32\@_(1&_2) exp (OK (W))

52



Proof. We will show that
1 —(k*—2) log(1/7)
Ponprla) € b 20]) < gV * Y e ( >)

The claim will then follow by summmg this bound over logy((1 — 7) /) intervals.

Suppose we have some w and w’ with ay(w), ax(w') € [v,2v]. Since the conditions of Lemma 47
hold up to time ¢ for any particle w with ag(w) initialized between ag(w) and ap(w’), by the mean value
theorem, we have that

ar(w) — arw) 2 Jeo(w) —aolw] o min (Zﬁff(ﬁ) e (OK (log(T/(fI; = 1))))

> |ao(w) — ag(w')] (aozw,)>k*_l exp (OK<10g5(T))>7

Thus since |ay(w) — oy (w')| < ~y, we have that

Jao(w) = )] < =g ao(w)* " exp(( 0 (K7 )).

We need to upper bound the probability over py of the set in which ag(w’) and ap(w) can lie. By the
above calculation, the set which ap(w’) and ap(w) lies in is contained in

g tae) (o ()

for some \. Recall that the distribution of «g(w) under w ~ py is %—subgaussian. Thus

wapo [ag(w) S ])J < &\/E_(k*_g) exp (OK <10g(12/7—)>> (eXp(_)‘2))

AR =2 S
- ,;_2 \/g“’“*—” exp (OK <log(1/r) >> .
~ o
This proves the claim. O

Plugging v = « and 7 = ¢ into this claim yields that

Punpprlaw) € [6,1 =] < 55— Q\f =2 eXp<OK<log(;/T)>> <y,

where the second inequality holds for d large enough in terms of 4. This proves the inductive step.
Now to prove the convergence guarantee a standard analysis of the ODE for « (see eg. [DNGL23]) now
yields that, for any w with ag(w) > f’ we have that

1
1— —
ar(w) > Ve
fort > W. This arises directly from the fact that Lemma 45 guarantees that for o« > ‘%,

v(a,t) > Ok (6o 711 — a?)).
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After that, it is clear that 1 — oy (w) decays exponentially fast (with rate 2(9)), so for ¢t > W +
Ok (log(1/0)) = %, we have 1 — ay(w) < 6/4.

Now using the initial distribution of ao( ) with w ~ pg, we have that an at least 1 — §/4 fraction of
particles have initialization a(w) > O ( f) Clearly once all these particles achieve 1 —ay(w) < 1—4§/4,
we will have loss at most . Thus occurs at some time at most

(5\? K() )k > —Ox(Vd 5,

This proves the main statement of the proposition. To prove the additional clause, fix 7. We have

1—71
E e [(@(w))* 1 (a(w) <1-7)] = / Py, [((w))* € [8, (1 —7))dB.

1—71 1

o(w) € [y, (1 — r)F1]dy.

weopM

<

o ()

LT
/}/Ofyk*l

—(k*—2 log(1/7)
— Vi )exp(oK< 2/ ) / gy
'\/Oryk*l

)
— \/g_(k*_Z) exp <0K<10g 1/7) >>2 -1) ’Y’“* !
VR exp (OK(log L) >)

Here the inequality follows from Claim 50 and the fact that (1 — 7) T > 1 — . This proves the
additional clause.

1—71

0

O]

E.4 Proving Assumptions of Theorem 1 for the Single Index Model.

We need to check that the problem (f*,D,, po) introduced in Section E.I satisfies the Assumptions of
Theorem 1.
Fix a desired loss 4§, and let 7'(§) be as in Proposition 49.

Local Strong Convexity.

Lemma 51 (Local Strong Convexity for SIM). If d is large enough, then for any t < T'(0), we have for any
w with |&(w) — w* sign(&(w)Tw*)| < 5K’

Di-(w) = —QK,O@< L(Pg/IF))
Proof. For simplicity, let w; := & (w), let & := a(w;). Assume that o # 1; if « = 1, we can take the limit

of the calculations below.
Recall that

d
D} (w) = @V(wtapyF)
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P,UJ;*wt
1P we |

MF

It is evident that V' (wy, p"") is in the direction @ := /1 — aw™ — aw, , where w| = , and thus

V(we, o) = va ) g
1—a?
We will consider the quadratic form y” Dj-(w)y for y € spanw and for y L span(&(w),w*). Tt
suffices to show that for both such vectors we have y” Dt (w)y < —Qx ¢, <\/ L(p}fvlp)) lly|2.

Lets start with the first, letting y = w. We have

dv (w, p'")
1 _ » Mt
v(a,t)  dw _d(1—a?)"1/? W dv(a,t)
= 7 +v(a, t)w T + T
V1 —a2d(y"w) d(y"wy) V1—a2/ d(y"w)
Now
( w > dv(a,t) < w )dv(a,t) doo 7j)dv(a,t)
VI—a2/)dyTw) \ V1= a2 do d(yTw) doo
Next,
dl1—a?) 12  d(1-a®)7Y? da
dyTw;) do d(yTw)
_ — 1
S (1—-a232 12
a
C (1-a?)
Finally,
d(y"wy)

Thus in summary, putting these three terms together we have

@« . dv(a,t)
(1—a?) da

y' Di (w)y = v(a,t)
By Lemma 46, we have for y = w,

yT D (w)y < —QK,cmg( LW))
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Now we consider y | w, wy. We have

v(a,t) B
deV(wtaP}:VIF) de( 1—a2) v(a,t) ¢ d
d(yTwy)

-
V1-— a2y V1—a?
av(a,t)
]
<~ (V20
Here the final inequality follows from Lemma 45. O

Proving Assumption 2 for SIM. First we will need the following lemma.

Lemma 52. For any w and s <t < T(0), we have

[ <0K((ZZEZ§)W_1)exp(OK((?))'

Proof. It suffices to check that this holds for times where o (w) < 5 K, because after that, by Lemma 46,
e

hog=¢ (w)
Dj-(w) is negative definite, and so |w —¢4(w) H can only decrease.

Claim 53. In the setting of of the lemma, for any w with oy (w) < 5T<’ we have

z=as(w)

dz
Proof. Let ws = &;(w). Without loss of generality assume w? w* > 0 such that as(w) = &(w)Tw*. Let

PJ_*w.s
—w* - We have
I PLowsl”

=£s(w)

w, =

Et,s (ws) = at,s(ws)w* +4/1— At s (ws)sz_'
Thus

dft,s(ws) _ dat,s(ws) w* —O s(ws) dat,s(ws)w + 1-— at,s(ws)zpj_

1
dw, dw, \/1 —aps(ws)?  dws 1 — ag(ws)?

and so, since o, (w) is increasing for s < r < tif az(w) > % (see Lemma 45) and oy (w) < 1 — 5%( we

have
H d&t,s(ws) < OK <dat,s(ws) ) Y
dw dws
O
The conclusion now follows from combining this claim and 47. O

We are now ready to bound Jiax and Jyy,.
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Lemma 54. Foranyt < T(6), we have

Jmax < OK,(S(\/gZ(k*il))
Javg(T) < OK,T,(S(l/T((S))

Proof. By Lemma 52, for all w, we have

k*—1
T w)ll = oK,5<(jZ§;”U§> ) ©4)

.. . .. k*—1
We bound this in two cases. Let . = 65 In the first case, if a(t) > ﬁ, then this is at most O s(vVd )
as desired. In the second case, if as(w) <

Vi *
one can inductively show by Equation (E.2) that for s < r < t, we have v(a;,r) < Lzﬁ_(k . Since
T(6) < %\/gk*_Q, we have oy (w) < 2a5(w). Thus in either case, we have ||J75 (w)|| = OK,g(\/gk*_l).
The desired bound on J,,,x is immediate.

To bound J,ys we have to be more careful, and we will use an additional averaging lemma (Lemma 55)
which allows us to show that when a set of neurons w are well-dispersed on the sphere at some time s, then

on average over w, H+(w, w') is small for any w’.

then we can show that oy (w) never exceeds 2as(w). Indeed,

Eurpo | Jes () Hy (w, w')ol|1(&(w) ¢ Br)
= Eqm " Eunpolas (w)=a | Je.s (W) Hy (w, w')ol|1(&(w) ¢ Br)
< Equprl(ans(@) S1—7)  sup e () |Eumppfay (wy=all Hy (w, w0

w]as(w)=a

< Eqopyrl(ags(a) <1 - T>OK,5<O‘““’))W_1 <“t(w))k*_l (arsw)" =" + \/&‘(’“*‘”)

as(w) as(w)

Here the first inequality follows from the fact that the event £ (w) ¢ B is equivalent to the even o s(as(w)) <
1 — 7. The second inequality is derived from (E.4) and Lemma 55.

Now to bound this expectation, recall the two cases from earlier in the lemma: ag(w) < ﬁ, and
as(w) > ﬁ. Recall that in the first case, oy (w) < 2a(w). Thus we have
k*—1 k*—1
a(w) a(w) K1 —(k*=1)
E,.rl <1-7)0 ( d )
e lana(e) < 1= 10w 240) T (20) (a4 vV
k*— .
< OK’5<\/g( 1)) + EwNPtMFOKﬁ (a(w)k 71) 1(a(w) <1- T).
The additional implication in Proposition 49 bounds this second term, yielding
(k*—1) —(k*—2) 1
B s (0 0 o160 ¢ B) < Ones (VA" ) 4 VT 0y (i
= Ok ,5-(1/T(9)).
This proves the lemma. 0
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Lemma 55. For any distribution p over w, for and w',v € S*1, with wg := &s(w), we have

sup By || Hy (w, w')o|| S sup \/EwNu(wsTu)Q(k*_l)HUH

W' lull=1

+ sup \/IEU,NM(wSTu)?(k*—?) (wsTw)2.
fJull=1

In particular, if the distribution of wy is rotationally symmetric in some set of dimensions, and has norm at
most « if the remaining dimensions, then

(k-1
sup oy || Hi (w, w')v|| < O (ak_l +Vd ( )).
w’ v

Proof. [Proof of Lemma 55] By Cauchy-Schwartz,

Eupmp | (0,00 < \/ Byt (- (0, 0) T HE (w, /Yo,

Let us expand H;-(w, w’). With wy := & (w) and := &,(w'), we have

K-1
HE(w,w) = 7 P (elw,w) (") T+ (w, 0w, uw,T) P
k=k*—1

where c(w, w’), ¢ (w,w") < Creg. Thus we have
1 L
H (w, ') H (w, w)

= Z 2C’reg(wsTu)%PuL
k

+ 2Creg(wSTu)2(k71)ijsuTPj)_SuwsTPd—
= 2C’reg(wsTU)%k*_I)I

+ 2Cyreg('LUSTU)Q(W_Q)waSTa
and thus
E om0 (H(w, w'))THE(w, 0 Yo < 20 (w3 "u)® D [[0]]2 + 2Creg (w0, T8 D (0T,

Taking a square root yields the desired result. The second statement follows observing that E,, [(u” w;)*] =

T

Ok(\/& ) if w is in the span of the rotationally invariant directions, because u" ws %— subgaussian. O

Proof. [Proof of Theorem 2] Fix a desired loss ¢, and let 7'(§) = O (\/&k* i ~1) be as in Proposition 49,
such that

B, (f (@) — J*(@))° < 6.

Let us check the conditions of Theorem 1. First, the regularity conditions in Assumption 1 trivially hold
for Creg = Ocy,, (1) by our choice of Gaussian data and o.

By Lemma 54, up to time 7°(9), (f*, po, D) satisfies Assumption 2 with Jp.x = OK,(;(dQ(k*_l)) and
Javg(T) = OK,J,T(l/T((S))-

Observe that by Lemma 51, (f*, po, D) is (¢, 7) local strongly convex up to time 7'(d) for ¢ =
QK G (1), T = % Further, since the problem has rotational symmetry in all directions orthogonal to the
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w* axis, the structured condition holds because by the smoothness of V,,V (w, pMF) Pt in w, and the fact
that at Voo 4,y V (€% (w7), p'" )Pgloo(wi) (which approximates D;- (i) to CregT error) must be completely in
the space orthogonal to w*, and is rotationally symmetric in that space. Thus Assumption 4 holds.

Finally, the symmetry conditions in Assumption 5 trivially hold because the data is Guassian, and there
is a reflection symmetry between w* and —w*.

Now suppose n. > d'*" > J8 (T(6))%d* and m > d'3*" > J10 (T(5))®d* such that

max

log(n)d®/?  log(mT) max(d"/? Jmax, d®/?) 1
€n +€m = + < .
vn LD dJr T3

Thus for d large enough, the condition on €, +¢,, in Theorem 1 holds. Thus all the assumptions of Theorem 1
hold, and the result guarantees that for ¢ < 7'(¢), with high probability over the draw of the data and of the
neural network initialization, we have with A = min(r, ¢),

t

B (foyr () = fopr (2))? < tJmax(em + €n) exp< O(tJave (M) >

cA — Q(Javg/N)
< tdQ(k*_l)(en +€m)OKrs(1).

Combining this with Equation E.4, we have that
Eo(fr(x) = for () < 26° + 2td*F 7D (e, + €0) O 5(1) < 367,

This proves the theorem. O

F Discussion for Future Work
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